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Thermo-viscous instability in literature

Wylie et al., Bull. Vulcanol. 
60 (1999)

• Hot fluids often focalizes in “fingers” 
when flowing in a cold, confined 
structure (ex. magma in a fracture, 
glycerol in a Hele-shaw cell)


• Saffman-Taylor-like instability, but 
involving only one fluid


• Key aspects: 
(i) temperature-dependent viscosity 
(ii) confined geometry

Nagatsu et al., Exp. Th. Fl. 
Sc. 33 (2009)

Taylor-West et al., J. Fluid 
Mech. 1015 (2025)

Bunton et al., Phys. Fl. 26 
(2014)
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Thermo-viscous fingering (intuitively)

First-order Arrhenius law for viscosity : 
 

 (Viscosity ratio)

μ(T)

μ(T) = βT, β =
μ(Th)
μ(Tc)

ThTc

3/10



Thermo-viscous fingering (intuitively)

Invasion of hot fluid in a cell with cold fluid:

First-order Arrhenius law for viscosity : 
 

 (Viscosity ratio)

μ(T)

μ(T) = βT, β =
μ(Th)
μ(Tc)
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Novelty: Long-time asymptotic
Reservoir (external cooling)
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Short time: t ∼ h2/κf

 (Dirichlet b.c.)T(z = h) = Tc

κi =
ki

ρici
(i = f, p)

Density

Thermal diffusivity
Heat conductivity

Specific heat capacity

Novelty: Long-time asymptotic
Reservoir (external cooling)

Reservoir (external cooling)

Plate (solid insulator)

Plate (solid insulator)

z

x2h

Lp

Lp

4/10



Short time: t ∼ h2/κf Long time: t ≳ L2
p /κp ≫ h2/κf

 (Dirichlet b.c.)T(z = h) = Tc   (Robin b.c.)
∂T
∂z z=h

=
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Short time: t ∼ h2/κf Long time: t ≳ L2
p /κp ≫ h2/κf

 (Dirichlet b.c.)T(z = h) = Tc   (Robin b.c.)
∂T
∂z z=h

=
Hov

kp
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• Heat transfer coefficient: 
 




• Biot number:
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1
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Lp

Bi =
Hovh

kf

t≳
L2p
κp≈

h
Lp

kp

kf
≪ 1

κi =
ki

ρici
(i = f, p)

Density

Thermal diffusivity
Heat conductivity

Specific heat capacity

Novelty: Long-time asymptotic
Reservoir (external cooling)

Reservoir (external cooling)

Plate (solid insulator)

Plate (solid insulator)

z

x2h

Lp

Lp

4/10



Problem and inlet condition

(Bi = ΓPe ≪ 1)

Equations for cross-gap averaged 2D system (Full problem): 
 
(i) Mass balance (incompressibility) 
 
    
 
(ii) Momentum balance (Darcy law) 
 
     

(iii) Energy balance (advection-diffusion) 
 

    

 
BC: - Inlet :   - Outlet : , 

Global parameters: 
 
 - Viscosity ratio:       - Cooling rate:   

 - Péclet number: 

∇ ⋅ u = 0

u = − β−T ∇p

∂T
∂t

+ u ⋅ ∇T − ∇[(Pe−1 I +
2Pe
105

u ⊗ u)∇T] + ΓT = 0

(x = 0) T = Th (x = Lx) ∇T |Lx
= 0 p = 0

β =
μ(Th)
μ(Tc)

Γ =
Hov

ρf cfU

Pe =
hU
κf

Bi = Γ Pe ≪ 1
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Base state:  

,   ,  

 
 
Thermal entry length : 
 

 

 

u0 ≡ ̂ex p0(x) = − ∫
x

0
βeξx′￼

dx′￼+ C

T0(x) = e−ξ x

1/ξ

ξ =
−1 + 1 + 4Γ(Pe−1 + 2Pe/105)

2(Pe−1 + 2Pe/105)
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 Perturbation: 

  

  

 

u(x = 0,y, t) = ux ̂ex,

ux = {
1 + ϵ f(x) for t < tpert

1 for t > tpert

Base state:  

,   ,  

 
 
Thermal entry length : 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x

0
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Random perturbation

  
 

 

  Gaussian,  , 

u(x = 0,y, t) = ux ̂ex,

ux = {
1 + ϵ η(y) for t ≤ tpert

1 for t > tpert,

pdf(η) ⟨η⟩ = 0 ⟨η2⟩ = 1

Snapshots of  at different timesT
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Random perturbation

  
 

 

  Gaussian,  , 

u(x = 0,y, t) = ux ̂ex,

ux = {
1 + ϵ η(y) for t ≤ tpert

1 for t > tpert,

pdf(η) ⟨η⟩ = 0 ⟨η2⟩ = 1

 vs timeTspan, uspan
x

x ↗

Snapshots of  at different timesT

•  Quantify the instability growth: 
 
  
 


• It comes out that: 
 

  

 
 Growth rate  
 Wavenumber 

Tspan(x, t) = Tmax (x, t) − Tmin (x, t)
uspan

x (x, t) = umax
x (x, t) − umin

x (x, t)

Tspan, uspan
x ∝

eγ*t for t ≲ tstat.
const for t ≳ tstat

γ* = γ*(β, Γ, Pe)
k* = k*(β, Γ, Pe)

x ↗
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Linear Stability Analysis (LSA)
Perturbation around the base state: 
 

  

 
 

T(x, y, t) = T0(x) + T′￼(x, y, t)
u(x, y, t) = u0(x) + u′￼(x, y, t)

p0(x, y, t) = p0(x) + p′￼(x, y, t)

T′￼, |u′￼| , p′￼ ∝ ϵ ≪ 1
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Linear Stability Analysis (LSA)
 Linearized problem for ,  : 
 

 

T′￼(x, y, t) = ̂Tk(x)eikyeγt u′￼x(x, y, t) = ̂uk(x)eikyeγt

( d2

dx2
+ log β

dT0

dx
d
dx

− k2) ̂uk = k2 log β ̂Tk

(γ +
d
dx

− κeff
d2

dx2
+ Pe−1k2 + Γ) ̂Tk = (−

dT0

dx
+

2Pe
105 (2

d2T0

dx2
+

dT0

dx
d
dx )) ̂uk
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Perturbation around the base state: 
 

  

 
 

T(x, y, t) = T0(x) + T′￼(x, y, t)
u(x, y, t) = u0(x) + u′￼(x, y, t)

p0(x, y, t) = p0(x) + p′￼(x, y, t)

T′￼, |u′￼| , p′￼ ∝ ϵ ≪ 1

Dispersion relationship: 



• Maximum (most 
dangerous) growth rate 
and wavelength: 
 

  

 ? 
 ?

γ = γ(β, Γ, Pe, k)

dγ
dk k=kmax

= 0, γmax = γ(kmax)

γmax = γmax(β, Γ, Pe)
kmax = γmax(β, Γ, Pe)
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Maximum growth rate and corresponding wavenumber

• In general: 
 

 
 

• In the limit  and : 
 

 

 
From fit: 

 
 

• Critical viscosity ratio : 
 

Γ ↗ ⟹ γmax ↗ , kmax ↗
β ↘ ⟹ γmax ↗ , kmax ↗

Pe ≫ 1 β ≪ 1

γmax = Γ(aγ log β + bγ)
kmax = Γ(ak log β + bk)

aγ ≈ − 0.767 ± 0.002, bγ ≈ − 3.63 ± 0.02
ak ≈ − 3.63 ± 0.02, bk ≈ − 1.701 ± 0.006

βc

γmax = 0 ⟺ βc = e−bγ/aγ ≈ 0.0123

 
vs 

γmax, kmax
Γ

 
vs 

γmax, kmax
β

10°7 10°6 10°5

G

10°7

10°6

10°5

g m
ax

Pe = 103

b = 10°5

b = 10°4.5

b = 10°4

b = 10°3.5

b = 10°3

b = 10°2.5

b = 10°3, full problem

10°7 10°6 10°5

G

10°6

10°5

10°4

k m
ax

10°5 10°4 10°3 10°2 10°1

b

0

2

4

g m
ax

£10°5

Pe = 103

G = 10°6.5

G = 10°6

G = 10°5.75

G = 10°5.5

G = 10°5.25

G = 10°5

10°5 10°4 10°3 10°2 10°1

b

0

2

4

6

8

k m
ax

£10°5

(a) (b)

(c) (d)

8/10



Maximum growth rate and corresponding wavenumber

• In general: 
 

 
 

• In the limit  and : 
 

 

 
From fit: 

 
 

• Critical viscosity ratio : 
 

Γ ↗ ⟹ γmax ↗ , kmax ↗
β ↘ ⟹ γmax ↗ , kmax ↗

Pe ≫ 1 β ≪ 1

γmax = Γ(aγ log β + bγ)
kmax = Γ(ak log β + bk)

aγ ≈ − 0.767 ± 0.002, bγ ≈ − 3.63 ± 0.02
ak ≈ − 3.63 ± 0.02, bk ≈ − 1.701 ± 0.006

βc

γmax = 0 ⟺ βc = e−bγ/aγ ≈ 0.0123

 
vs 

γmax, kmax
Γ

 
vs 

γmax, kmax
β

10°7 10°6 10°5

G

10°7

10°6

10°5

g m
ax

Pe = 103

b = 10°5

b = 10°4.5

b = 10°4

b = 10°3.5

b = 10°3

b = 10°2.5

b = 10°3, full problem

10°7 10°6 10°5

G

10°6

10°5

10°4

k m
ax

10°5 10°4 10°3 10°2 10°1

b

0

2

4

g m
ax

£10°5

Pe = 103

G = 10°6.5

G = 10°6

G = 10°5.75

G = 10°5.5

G = 10°5.25

G = 10°5

10°5 10°4 10°3 10°2 10°1

b

0

2

4

6

8

k m
ax

£10°5

(a) (b)

(c) (d)

8/10



Maximum growth rate and corresponding wavenumber

• In general: 
 

 
 

• In the limit  and : 
 

 

 
From fit: 

 
 

• Critical viscosity ratio : 
 

Γ ↗ ⟹ γmax ↗ , kmax ↗
β ↘ ⟹ γmax ↗ , kmax ↗

Pe ≫ 1 β ≪ 1

γmax = Γ(aγ log β + bγ)
kmax = Γ(ak log β + bk)

aγ ≈ − 0.767 ± 0.002, bγ ≈ − 3.63 ± 0.02
ak ≈ − 3.63 ± 0.02, bk ≈ − 1.701 ± 0.006

βc

γmax = 0 ⟺ βc = e−bγ/aγ ≈ 0.0123

 
vs 

γmax, kmax
Γ

 
vs 

γmax, kmax
β

10°7 10°6 10°5

G

10°7

10°6

10°5

g m
ax

Pe = 103

b = 10°5

b = 10°4.5

b = 10°4

b = 10°3.5

b = 10°3

b = 10°2.5

b = 10°3, full problem

10°7 10°6 10°5

G

10°6

10°5

10°4

k m
ax

10°5 10°4 10°3 10°2 10°1

b

0

2

4

g m
ax

£10°5

Pe = 103

G = 10°6.5

G = 10°6

G = 10°5.75

G = 10°5.5

G = 10°5.25

G = 10°5

10°5 10°4 10°3 10°2 10°1

b

0

2

4

6

8

k m
ax

£10°5

(a) (b)

(c) (d)

8/10



A possible lubrication experiment
Geometry:  , 


Glycerol:     ,  — ,  


Inlet flow:   —

Plate-flow heat transfer coefficient: —

h ∼ 0.2 − 0.5 mm Lp ∼ 2 − 5 cm

ρf ≈ 10−3 kg m−3 cf ≈ 3 4 × 103 J kg−1 K−1 κf ≈ 10−6 m2s−1

U ∼ 10−4 10−3m s−1

Hov ∼ 20 200 W m−2 K−1

Lp

2h

Lp
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Geometry:  , 


Glycerol:     ,  — ,  


Inlet flow:   —

Plate-flow heat transfer coefficient: —

h ∼ 0.2 − 0.5 mm Lp ∼ 2 − 5 cm

ρf ≈ 10−3 kg m−3 cf ≈ 3 4 × 103 J kg−1 K−1 κf ≈ 10−6 m2s−1

U ∼ 10−4 10−3m s−1

Hov ∼ 20 200 W m−2 K−1

Lp

—  ,   — 


—    

β =
μ(Th)
μ(Tc)

∼ 10−3 10−2 Γ =
Hov

ρf cfU
∼ 10−2 10−1

Pe =
Uh
κf

∼ 1 5 (Bi = Γ Pe ∼ 10−2 ≪ 1)

—  

 

—

tchar =
h
U

γ−1
max ≃

ρf cf h
Hov

1
aγ log β + bγ

≃ 102 103 s

λchar = 2πh k−1
max ≃

2πρf cf hU
H

1
ak log β + bk

∼ 5 20 mm

2h

Lp
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Global 
parameters

Characteristic 
time and 

wavelength



Conclusions
• Numerical simulation of invasion of temperature-

dependent viscous fluid in a Hele-Shaw cell 
geometry


• Dynamic instability reproduced in a region of the 
 phase space


• Linear Stability Analysis: dispersion relationship 
and behavior of the maximum growth rate  
and wavelength 


➡  Comparison with experiments? (thermal viscous 
fluids in small gaps)

(β, Γ, Pe)

γmax
kmax

Thank you for your attention!
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