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Thermo-viscous instability in literature

* Hot fluids often focalizes in “fingers’
when flowing in a cold, confined
structure (ex. magma in a fracture,
glycerol in a Hele-shaw cell)

H~1-10 km

Magma
chamber

Nagatsu et al., Exp. Th. Fl. Bunton et al., Phys. Fl. 26 _ . .
Sc. 33 (2009) (2014) « Saffman-Taylor-like instability, but

involving only one fluid

 Key aspects:
(i) temperature-dependent viscosity

W Z ll//twj\\‘ z 1 Do (if) confined geometry

-1 0 1 0.5 0 0.5
X X

e et By a0 Taylor-West et al., J. Fluid
(1999) Mech. 1015 (2025)
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Thermo-viscous fingering (intuitively)
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First-order Arrhenius law for viscosity u(7T):

wT) =pt, p= ZS}S (Viscosity ratio)




Thermo-viscous fingering (intuitively)

First-order Arrhenius law for viscosity p(7):

wT) =pt, p= ZEZ; (Viscosity ratio)

Invasion of hot fluid in a cell with cold fluid:

Slightly T is transported , .
higher u |:> more efficiently p(T) ™\ '::> ﬁigimams

Slightly ::> T is transported |:> I
lower u less efficiently u(l) / i shrinks
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Novelty: Long-time asymptotic

Z -------------I

Reservoir (external cooling)

P Plate (solid insulator)

Inlet
(syringe, hot fluid)

Optlet

> X

i----

L Plate (solid insulator)

Reservoir (external cooling)

4/10



Novelty: Long-time asymptotic

Reservoir (external cooling)

Heat conductivity

: Thermal diffusivity /
Lp Plate (solid insulator) : k
Inlet i \ _ l .
(syringe, hot fluid) _: Optlet Kl' — p_C (l — ﬁ p)
» X ) \
L Plate (solid insulator) DenSity / SpeCiﬁC heat CapaCity

Reservoir (external cooling)

Short time: ¢ ~ hzlch

Reservoir

Plate

= u(z)

T(z = h) =T, (Dirichlet b.c.)
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Novelty: Long-time asymptotic

Reservoir (external cooling)

: Heat conductivit
: Thermal diffusivity / 4
Lp Plate (solid insulator) : \ kl
glyertinge, hot fluid) 1' olitlet i — p_c (l :ﬁp)
> X 1“1 \
B o e G Density / Specific heat capacity

Reservoir (external cooling)

Short time: 1 ~ h*/k; Long time: ¢ 2 L>/k, > h*/k;

Reservoir | j Reservoir

Plate ' Plate

—, u(@) —\ u(2)

> X

oT

T(z = h) = T. (Dirichlet b.c.) =—(T.—T) (Robinb.c.)

a_Z z=h kp

ov
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Novelty: Long-time asymptotic

Reservoir (external cooling)

Heat conductivity

Thermal diffusivity /

P Plate (solid insulator)

\ ki .
Olitlet l —_— (l — .f; p)
> X PiCi

L Plate (solid insulator) DenSity / SpeCifiC heat CapaCity

Inlet
(syringe, hot fluid)

i----

Reservoir (external cooling)

Short time: 1 ~ h*/k; Long time: ¢ 2 L>/k, > h*/k; —
 Heat transfer coefficient:

4

Reservoir | T Reservoir

Plate l Plate Hov !
H;

* Biot number:

N g H h 12 K‘]; h k
— “(Z)~ | Bi = ~ <1
' ' ky L, ks

T(z = h) = T, (Dirichlet b.c.) — |, = kOV(Tc —T) (Robin b.c.)
Z:

P
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Problem and inlet condition

Equations for cross-gap averaged 2D system (Full problem):

(i) Mass balance (incompressibility)
V-u=20
(i) Momentum balance (Darcy law)

u=-4""1Vp

(i) Energy balance (advection-diffusion)

oT 1 2Pe
Fu-VI—V || Pe "1 u®@u |VT| +1T=0

105

BC:-Inlet(x=0):T=T, -Outlet x=L): VT|, =0,p=0

ot

Global parameters:

1 H
- Viscosity ratio: / = sl - Coolingrate: ' = —=

u(1,) prceU

hU
- Péclet number: Pe = — Bi=1"Pex1

Ky
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Problem and inlet condition

Equations for cross-gap averaged 2D system (Full problem):

() Mass balance (incompressibility)
V-u=20
(i) Momentum balance (Darcy law)

u=-4""1Vp

(i) Energy balance (advection-diffusion)

ot 105

BC:-Inlet(x=0):T=T, -Outlet x=L): VT|,

Global parameters:

T
- Viscosity ratio: f = sl - Cooling rate: I' =

u(T,)

hU
- Péclet number: Pe = — Bi=1"Pex1

Ky

oT 1 2Pe
Fu-VI—V || Pe ' 1- u®@u)VvV

T\ +1IT=0

=0,p=0

H

ov

pr fU
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Base state:
X ,
llO — éx, po(X) —_ J ﬁeéxdx, + C,
0 y
Th(x) = e™c*

Thermal entry length 1/¢:

—1+ \/ 1 + 4T (Pe™! + 2Pe/105)

2(Pe™! + 2Pe/105)




Problem and inlet condition

Equations for cross-gap averaged 2D system (Full problem):

Base state:
x
() Mass balance (incompressibility) u, =8, pyx)=— J 'Beéx dx' + C,
0 y
V-u=0 TO(X) — e—fx

(i) Momentum balance (Darcy law)
Thermal entry length 1/¢:

u=-4""1Vp

—1+ \/ 1 + 4T (Pe™! + 2Pe/105)

(i) Energy balance (advection-diffusion) 2(Pe! + 2Pe/105)

oT 1 2Pe
ru- VI =V || Pe 14 u®@u |VT| +1T=0

105

ot

BC: - Inlet (x =0): T=T, - Outlet x=L): VT|, =0,p=0 Perturbation:

u(x=0,y,t) = ue,,
Global parameters: ( y,1) = ue,

T, H l+ef(x) fort<t
- Viscosity ratio: f = #Iy) - Coolingrate: ' = —= Jx) pert
‘ fort >t

p(T.) prcsU pert

hU
- Péclet number: Pe = — Bi=1"Pex1

K
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Random perturbation

uix =0,y,0) =ue,

I +en(y) fort <t
for > #,ep,

pdf(n) Gaussian, () =0, (n*) =1
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Snapshots of T at different times
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Random perturbation

uix =0,y,0) =ue,

I +en(y) fort< fert
for > #,ep,

pdf(n) Gaussian, () =0, (n*) =1

» Quantify the instability growth:

TP (x, 1) = T™ (x,1) — T™" (x, 1)
w P, 1) = ul™™ (x, 1) — u"™ (x, 1)

* It comes out that:

e’ fort <t

Tspan. u;pan -

const for t 2 tg.,

Growth rate y* = y*(f,1’, Pe)
Wavenumber k* = k*(f,1°, Pe)

2.5

Snapshots of T at different times
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x 107
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Linear Stability Analysis (LSA)

Perturbation around the base state:

T()C, Y, t) — TO(x) L T,()C, Y t)
u(x,y, ) = uy(x) +u'lx,y, )

p()(xa ya t) — pO(x) +p,(x9 y9 t)

T, v, pxex1
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Linear Stability Analysis (LSA)

Linearized problem for T'(x, y, ) = T.(x)e™e”, u!(x, v, 1) = fi,(x)e*e:

d d7, d A
(d—+10gﬁ L —kz)ﬁk=k210gﬁTk

Perturbation around the base state:

T()C, Y, t) — TO(X) L T,()C, Y t)
u(x,y, ) = uy(x) +u'lx,y, )

X2 dx dx

d d? o ) dT, 2Pe ( d°T, dT, d )
}/+__Keff_2+Pe k +F k: — + — 2 2+ uk
dx dx dx 105 dx dx dx

p()(xa ya t) — pO(x) +p,(x9 y9 t)

T, v, pxex1
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Linear Stability Analysis (LSA)

Linearized problem for T'(x, y, ) = T.(x)e™e”, u!(x, v, 1) = fi,(x)e*e:

Perturbation around the base state:

T()C, Y, t) — TO(x) L T,()C, Y t)
u(x,y, ) = uy(x) +u'lx,y, )

p()(xa ya t) — pO(x) +p,(x9 y9 t)

T, v, pxex1

Dispersion relationship:
y =y(p, 1, Pe, k)

e Maximum (most
dangerous) growth rate
and wavelength:

dy

% i — O’ Ymax = y(kmax)
Ymax — }/max(ﬂ ’ Fv Pe) ?

kmax — ymax(ﬂa Fa Pe) ()

d
dx

d2
—— 410
12 gp

2,00 210°%

1.751

1.50 ’
1.25
1.00
0.75

0.50

000" 16¢ 103 102

Pe =103, T =10

10~1
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dT, d

2.00

1.751

1.50;
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1.00

0.75-

0.501

0.25

0.00-

dx dx

y+— —k.g— +Pe lk* + T
dx?

x 104

—k? )4, = k*log BT,

d7j,
dx

2Pe
_|__
105

1.00
0.751
0.50
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00 = 102101 10° 100 102 103

d°T, dT, d
_|_
dx? dx dx
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=10, =107
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Maximum growth rate and corresponding wavenumber
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Maximum growth rate and corresponding wavenumber

(@ (b)

10~4 . | |-
! Pe = 10° A | .4 N generai.
s e ' A
RS 2 A k
_ ~10* . B=10"2 LA W
10 5— :§=i23 fullprobler(l)l /;'éf;::::/ ¢ g%% F / ﬁ }/maX / > "max /
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_ o I PN = T 7 e 7
ymax9 max g - /522:::/0 &E ; 542555
vs | 107°: A2 | P
| £220 Ay -
£ ¢ 7 . In the limit Pe >> 1 and f§ < 1:
¢ | %7
10~/ | &
Yorax = 1 (a, lOog B+ D)
107 106 103 107 106 10-3 max 4 4
r r k. =T(alog B+ b
©) 109 () «10-3 ’
Pe = 10° From fit:
mIr=10% mTI=105" 8 +
A m=10"° r=10-5% Cl}, ~ —0.767 *+ 0002, b}/ ~ —3.63+=0.02
| mI=107" =107
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Maximum growth rate and corresponding wavenumber
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A possible lubrication experiment

Geometry: 7 ~0.2-0.5 mm,L,~2-5cm

Glycerol:  p,~ 10~ kgm™, ¢, & 3—4 x 10> Jkg™' K™, x, ~ 107°m*s~"

Inlet flow: U~ 107*—10"ms™!

Plate-flow heat transfer coefficient: H,, ~ 20—200 W m—2K™! External cooling (air / fan / bath) — sets H
Lp Top plate (acrylic/glass)
Inlet
(syringe, hot fluid) Oltlet
2h —p : Flow gap (2h = sub-mm) : —>

Observation area
(camera view)

D Bottom plate
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A possible lubrication experiment

Geometry: 7 ~0.2-0.5 mm,L,~2-5cm

Glycerol:  p,~ 10~ kgm™, ¢, & 3—4 x 10> Jkg™' K™, x, ~ 107°m*s~"

Inlet flow: U~ 107*—10"ms™!

Plate-flow heat transfer coefficient: H_, ~ 20—200 W m—> K1

~~

T H
B = ”‘EThi ~1073=1072, T'= U ~ 1072=10""
C
Global e Fres
parameters
Uh . )
Pe=—~1-5 Bi=I'Pe~107"x1)
ks
h prceh
Characteristic |'char = Eyf;éx = [];f a /logf+b ~ 10°-10°s
time and o /
wavelength zﬂpfcfh(]
Mgy = 27 k-1~ ~ 5—20 mm
H a; lOgﬂ bk
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External cooling (air / fan / bath) - sets H

tlet

L Top plate (acrylic/glass)
P

Inlet

(syringe, hot fluid)
2h —p : Flow gap (2h = sub-mm) —>

L
Observation area
(camera view)

Lp Bottom plate




Conclusions

* Numerical simulation of invasion of temperature-
dependent viscous fluid in a Hele-Shaw caell
geometry

 Dynamic instability reproduced in a region of the
(B, T, Pe) phase space

e Linear Stability Analysis: dispersion relationship
and behavior of the maximum growth rate y,..

and wavelength &_ ..

= Comparison with experiments? (thermal viscous
fluids in small gaps)

Thank you for your attention!
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An instability may arise when a hot viscous fluid enters a thin gap and cools through heat
transfer to a colder surrounding environment. Fluids whose viscosity increases strongly
upon cooling create a positive feedback in which warmer regions flow faster and cool
more slowly, leading to the formation of thermoviscous “fingers.” Here we investigate
this mechanism in the long-time, small-Biot-number regime, where cooling through the
plates is weak but acts over sufficiently long times that the temperature becomes nearly
uniform across the gap. Thls asymptotlc limit enables a depth- averaged description that
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