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Motivation

Photovoltaique Projet H2-O Electricité verte

IRéservoir : 40 x 40 x 10 m)
16 000 m* d’hydrogéne
stocké a- 200m

1 Gigawatt
delectricite verte

- As offshore wind farms expand, so do concerns about managing excess electricity during peak production.

- A promising solution is to convert surplus energy into hydrogen via water electrolysis, then store it in underwater
cementitious cavities.
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e Chemical degradation.

e Structural damage.

Hydrogen

e Loss of mechanical strength.

e Increased leak risk.

Underwater cementious cavity

Objective: Use mathematical models and numerical simulations to predict and prevent these issues, ensuring safe,
efficient, and long-term hydrogen storage.
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Thermo-Hydro-Mechanical model

We consider a Thermo-Hydro-Mechanical (THM) model'? describing a single phase compressible flow in a porous medium.

to. Coussy. Poromechanics. \Wiley, 2004.

2 Jérdme Droniou, Mohamed Laaziri, and Roland Masson. “Thermodynamically Consistent discretisation of a Thermo-Hydro-Mechanical model”. In: Springer
Proceedings in Mathematics and Statistics (2023).
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Thermo-Hydro-Mechanical model

We consider a Thermo-Hydro-Mechanical (THM) model'? describing a single phase compressible flow in a porous medium.
Mass conservation equation:

Ot (p(p)o(u, p, 1)) + div(p(p)V (p)) = hm.
Entropy conservation equation:

1
Tref

he

00510 ) + plr)ous . T)o) + div (p()SV () + 7= a(T) ) = 5.

to. Coussy. Poromechanics. \Wiley, 2004.

2 Jérdme Droniou, Mohamed Laaziri, and Roland Masson. “Thermodynamically Consistent discretisation of a Thermo-Hydro-Mechanical model”. In: Springer
Proceedings in Mathematics and Statistics (2023).
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Thermo-Hydro-Mechanical model

We consider a Thermo-Hydro-Mechanical (THM) model'? describing a single phase compressible flow in a porous medium.
Mass conservation equation:

O (p(p)o(w, p, T)) + div(p(p)V (p)) = hm-
Entropy conservation equation:

1
Tref

he

Q(T)) =

01511 ) + p0)o . T)o) + div )V (5) + -

Momentum balance equation:
modiu — div(e(u, p,T)) = h.

The main unknowns are the fluid pressure (p), the fluid temperature (7") and the displacement of the skeleton (w).

0. Coussy. Poromechanics. Wiley, 2004.

Jéréme Droniou, Mohamed Laaziri, and Roland Masson. “Thermodynamically Consistent discretisation of a Thermo-Hydro-Mechanical model”. In: Springer
Proceedings in Mathematics and Statistics (2023).
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Darcy law:
K
Vi(p) = — " (Vo —p(p)gVz).

Fourier law:
q(T) := —=AVT.



Darcy law:
K
Vp) =-— " (Vp—p(p)gVz).

Fourier law:
q(T) := —=AVT.

Linear isotropic thermo-poro-elastic constitutive laws:
o(u,p,T) :=o0(u) — bply — 3as Ks(T — Tyef)la,

o€ (u) : (e(u) + divu]ld> ,

1
atqﬁ(u,p, T) = bo; (divu) — 30é¢6tT + Natp,

Cs
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1—-2v

T i+v

0t Ss(u,p, T) = 3as K0y (divu) — 3oy 0ep + O:T.
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Darcy law:
K
Vp) =-— " (Vp—p(p)gVz).

Fourier law:
q(T) := —=AVT.

Linear isotropic thermo-poro-elastic constitutive laws:
o(u,p,T) :=o0(u) — bply — 3as Ks(T — Tyef)la,

oc(u) : (e('u.) + divu]ld) ,

1
atqﬁ(u,p, T) = bo; (divu) — 3a¢6tT + Natp,

Cs
Tref

v
1—-2v

T i+v

0t Ss(u,p, T) = 3as K0y (divu) — 3oy 0ep + O:T.

Boundary conditions:

Vp-n=0 in 9Qx(0,tp),
VI -n=0 in 9Qx(0,tr),
u=0 in 9Qx(0,tp).
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Mathematical Resolution

e Energy estimates for the continuous model:

Pl L2 0, psmr ) + 1T 20,8 s mr (02)) + 10l L2 (0,8 0518 (02))2 < €

3Robert Eymard, Thierry Gallouét, and Raphaéle Herbin. “Finite volume methods". In: Handbook of numerical analysis, Vol. VII. Handb. Numer. Anal., VII.
North-Holland, Amsterdam, 2000, pp. 713-1020.

“Bilal Saad and Mazen Saad. “Study of full implicit petroleum engineering finite-volume scheme for compressible two-phase flow in porous media”. In: SIAM
Journal on Numerical Analysis 51.1 (2013), pp. 716-741.
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Mathematical Resolution

e Energy estimates for the continuous model:

Pl L2 0, psmr ) + 1T 20,8 s mr (02)) + 10l L2 (0,8 0518 (02))2 < €

o Numerical scheme: Backward Euler scheme in time and Two-Point Flux Approximation finite volume scheme®” in
space are employed.

Robert Eymard, Thierry Gallouét, and Raphaéle Herbin. “Finite volume methods”. In: Handbook of numerical analysis, Vol. VII. Handb. Numer. Anal., VII.
North-Holland, Amsterdam, 2000, pp. 713-1020.
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Mathematical Resolution

e Energy estimates for the continuous model:
P11 L20,6 051 (92)) T 1T L20,6 521 22)) + Nl 20,81 113 (202 < C-

e Numerical scheme: Backward Euler scheme in time and Two-Point Flux Approximation finite volume scheme®* in

space are employed.
e Energy estimates at the discrete level:
P2l 22(0,¢ s m1 () + T2 20,0511 (02)) + 102 M L2 (0,1 0112 (2))2 < Cs

where 7 is the space-time discretization.

*Robert Eymard, Thierry Gallouét, and Raphaéle Herbin. “Finite volume methods”. In: Handbook of numerical analysis, Vol. VII. Handb. Numer. Anal., VII.
North-Holland, Amsterdam, 2000, pp. 713-1020.

“Bilal Saad and Mazen Saad. “Study of full implicit petroleum engineering finite-volume scheme for compressible two-phase flow in porous media”. In: SIAM
Journal on Numerical Analysis 51.1 (2013), pp. 716-741.
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Numerical solution at different values of time ¢

We consider a porous medium of length 10 m, initial porosity ¢g = 0.2 and absolute permeability K = 10~1% m2.

Moreover, we consider a weakly compressible fluid.

Initial Conditions: p° = 10°Pa, T° = 300K, and u® = 10~ 5m.

Boundary Conditions: The pressure: p = 4 x 10% Pa on the left and p = 10° Pa on the right. The temperature: T' = 285K
on the left and 7" = 300K on the right. The displacement field satisfies homogeneous Dirichlet boundary conditions.
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Influence

Mathematical model

0000

of fluid compressibility
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Influence of displacement: Small variations of displacement
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Neumann boundary conditions
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Conclusion & Perspectives

Conclusion:

e We established energy estimates for the continuous formulation.
e We designed a numerical scheme that preserves the energy balance at the discrete level.

e We validated the model through numerical simulations demonstrating stability and physical consistency.

M.Mohamad, J.Dabaghi, F.Grondin, and M.Saad, Finite Volume Discretization Preserving Energy Estimates for a
Compressible THM Model, submitted for publication, 2025.

Ongoing work:

e Extend the model to two-phase flow with one component in each phase.

M.Mohamad, J.Dabaghi, F.Grondin, and M.Saad, Energy estimates and convergence analysis of a two-phase flow in
deformable porous media, submitted for publication, 2026.

Future work:

e Investigate more complex configurations with two constituents in the gas phase and one component in the liquid
phase.
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The relative L2 space-time error is defined, for example for the pressure, as
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Energy estimates for the compressible model: key identity

tp tp - ) tr K )
/ /atE(u,p,T)d:cdt—i—/ /—8,5(|8tu| )dxdt—i—/ ~19pl2 g ()t
0

tF o' (p)
/ / o) atpdrdl‘-f—/ ”VT”L2(Q)( )dt
0

+ /0 ] %mvm?dxdt: /0 [ omla0) + = 1) + e + - 0

where E(u,p,T) is the total energy of the system.
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Elements of the proof

eStep 1: Reformulate the entropy conservation equation.
Using the following relation between the fluid specific entropy s and internal energy e

Ore = TOrs — pot <1> , Ve=TVs—pV (1) .
P p

The entropy conservation equation can be reformulated as

p(p)¢(u,p,T) pp(u,p,T),
0:Ss(u,p, T) + T Ore — Tom) Otp(p)
p(P)V (p) pV (p) 1 . _he
+ g Ve — To(p) - Vp(p) + T divq(T) = T shm.

oStep 2: Multiply the mass conservation equation by (g(p) + €) where g(p) is the primitive of 1/p(p), the
reformulated entropy conservation equation by 7" and the momentum balance equation by 0;u, then integrate over
space and time and sum the resulting equations.

oStep 3: Treat each term of the resulting equation from step 2, using appropriate mathematical tools, the closure
equations and the boundary conditions.
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Energy estimates: Control on the solution

Assumptions

(A1) The porosity is always positive i.e. there exists ¢. € R* such that ¢(u,p,T) > ¢« > 0.

(A2) The energy functional is positive meaning that e(p, 7)) > 0 Vp, T € Ry and e — T's is sub-quadratic in the sense that
Hmp),|7)) o0 ﬁ =

(A3) The source terms hym,, h and he are bounded.

(A4) The thermo-poro-elastic coefficients satisfy C's > 0, % >0, ap >0,&>0and v e (0, %)

(A5) There exists a constant m. > 0 such that mg > m. > 0.

(A6) The density p(p) is a strictly increasing function and there exists a positive constant v such that p’(p) = vp(p).

We have the following energy estimate:

10wl oo (0,4 ;L2 () F 11PN Lo (0,522 (0)) F 11T N Lo (0,522 (2)) F 1€l Loo (0,021 (02

Fllulloo0,ep581 (2)) + 1VPI 20,6 p:22(0)) IV T NIL2(0, 522 (02)) < C-
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The finite volume method: TPFA scheme

Backward Euler scheme in time and Two-Point Flux A RS ~
. R o N N
Approximation finite volume scheme ’ ~ 7 A\ /
- _ _( LN / /
N P N ’ _
\ N s\ L
\
v -7 - \ 4
_-= \ OK. ’
\ \\ Drr| . ;
N o pedry N
- LR L N
! s
! A
N\ -
1 \
1 K \\ \
,\ - \\

Discrete unknowns:
Ur = UV ke, UYL =%, TR, ul) € R*T?  One value per cell, N,;: number of cells.

Time discretisation: Consider t° =0 < t' < ... < tNT = {p = Nyt with constant time step 6t. For 1 < n < Np, we

define the backward differencing operator
fn . fn—l
o f =
i 5t

At each time step, we solve a nonlinear problem involving Nz X (2 + d) unknowns.
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Space discretisation:

Ly, is the discrete space of cellwise constant functions defined
as

Ly, := {vn, € L*(Q), va|x = vk VK € T}.

For a piecewise constant function vy, € Ly, defined per For a piecewise constant vector function w;, € L;f defined
control volume, we define the discrete broken gradient per control volume, we define the discrete broken gradient
Vivn € R4 by Vwyp, € Rdxd by
d”Lvan If x € D - wp WK H -
Von(x) = be{K KL . KL Viwp(z) = wIKL RMmKl !fa}EDALv
d—z—K — N if x € Dio. djiTK RNng, Ifx € Di,.

We define the discrete divergence of the vector field G}, by

1
divig Gy, := Z ok |Gk -nKL-
K] LEN(K)

Mayssam Mohamad InterPore2026 May 21, 2026 9/9



The finite volume scheme: Mass conservation equation

00000080000000

Mass conservation equation:

/ / at<p(p>¢<u,p,T>)dxdt—f/t:: [ o9 0) mitoi =

which reads

/ hom (2, t) dzdt,
tn—1

K| (Pl — pi 5Tt ) +ot > Fukn ") = KR,

LeN(K)
. , k
with F' e (U™) = —plp, m TKL(PL — PK)-

where p’; is the value of the density on the interface ok and it is defined by,

1 /pK 1 d f "3 # '3
_ z i
L =< P —p} - p(z) Pg 7 PL»
'3 ”
PrL L otherwise.
PK
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May 21, 2026 9/9



The finite volume scheme: Entropy conservation equation

Entropy conservation equation:

/n [ 0u(Su . T) 4 p0) (s . T))

t
e
) -ndodt = / / M dzdt,
tn—1 JK T

no
~/t” 1 8K(

which reads

0000000e000000

n
1 1
|K|< ok T PP Sk — SsK — P ¢n sk ) Z T3 i (U") = 8t| K| — T" )
LEN(K)
with 73 ey (") == —pfey $hep Ericn 0} — p) = 7 (TF — TR)
where
s+ 8T
SKL = T,

is the value of the fluid entropy s on the interface ok, .
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The finite volume scheme: Momentum balance equation

Momentum balance equation:

tVZ t'VL tn
/ / modZu dzdt — / / o(u,p, T)ndodt = / / h(z,t) dzdt,
m—1 JK -1 Jok -1 J K

which reads

ul + w2 — 2yt ’ ’
=5 K&t K65t > FigpU") =6t|K|hf, with
LEN(K)
£ TKL
Fa,xkr(U™) ::(1 ) > [((uL —ug)®ngr)ngr + [(up —ug) ® nKL]T nKL}
Ev o .
_ mh[(ﬂ (diva™lg) sy mrcr + blorr Pl lanikr
+loxrl3asKs (T — Tret) lank L.
here divgu} + divpu} P+ Pt Tn 4 n
(dive"la) k= #Hd, PRI = %, TR, = %

are the values of the discrete divergence of u, fluid pressure p and temperature 7" on the interface ok, respectively.
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Discrete variational formulation

The finite volume scheme is equivalent to the following discrete variational formulation:

pg(pz _pn—l n—1 1 k
/Q T endat /Q PR VP Vipn o = /Q hom,n#h Az @

Sno Sn—l n—1 ,n—1 1

/Q S’haits’hlﬂh dx + % (5?5,,, + pp oy (7>> Yp dx
Q h h

1 prk 1 [ pppp k 1
== Vpp - Viepp do — — / Vi | = | Vappdnde @)

dJo Tiu h k& dJo Ty p l Ph e

n

+ 1 A Vi Ty - Viptp de = e + sphomn | ¥n da.

d Q Tref h Q T}:L hmh

1 & Ev
dfu ~wd+7/7u":wd+/7d' uply : e(wp)d
oo+ 5 [ Gyetoh) s tomdn+ [ it o) 2 )

—/Q(bpﬁ—i—3asKs(T£— ref))divh(wh)dx:/ﬂh;;whdx.

2+d
\V(@hﬂﬂh,wh) eHh . )
InterPore2026 May 21, 2026 9/9
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Discrete energy estimates: key inequality

Lemma

Let (pj, T}, u}) be the solution of the discrete variational formulation. We have the following inequality:
2 ~1Ph
[ Bndat [ TO5pI R de - / o kst de+ IR 22 0y

+ 7||VhTh ||L2(Q) + - / il |V}7P I da

S/ (hfn,h( (pp) +ep —sp1}) + hep + hy - 5”“2) dz.
Q
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Discrete energy estimates: Control on the solution

Let 7 be a discretization of Q x (0,tr). We denote any function from 7 X [0, N + 1] to R by using the subscript 7, and
we denote its value at the point (zf,t") using the subscript K and the superscript n, we then denote
Po = (PR)KeT nelo,Np+1]-

Proposition

Let (pw,T%,uy) be the solution of the discrete variational formulation. We assume that the previous assumptions hold
for the discrete parameters. We obtain the following estimate:

18tug Nl oo (0,¢ m52.2(0)) T 1P2 Nl o0 (0,6 mi22(0)) T 172 L0 (0,8 522 (02)) T €Dl Loo (0,551 (02))
tllugllpeommi) T IVaP2lliL20tpi2) T IVaT2 1200, p02(0)) < C-
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Two-Phase flow

We consider two phases: one wetting denoted by w containing water and the other non-wetting denoted by nw containing
hydrogen.
Wetting fluid mass conservation equation:

Ot (swpw®) + div(pw Vi (Pw)) = huw-
Non-wetting fluid mass conservation equation:

at<5nwpnw¢) + diV(pnanw (pnw)) = hpw-

Entropy conservation equation:

1 he
o | Ss + Z pasSacad | +div Z PaCaVa(pa) + Q(T) =+

ac{w,nw} ac{w,nw}

Momentum balance equation:
mopdiu — dive = h.

The main unknowns are the wetting fluid pressure (pw ), the non-wetting fluid pressure (pnw), the fluid temperature (77)
and the displacement of the skeleton (u).

Mayssam Mohamad InterPore2026 May 21, 2026 9/9



Darcy law:
Kra (Sa)

Ho

Vo := —K Vpa.

Saturation:
Sw + Snw = 1.
Capillary pressure:
Pc(Sw) = Pnw — Pw-
Linear isotropic thermo-poro-elastic constitutive laws:

o (U, Pw, Prw, T) = 0°(u) — brlg — 3as Ks (T — Tiof)1a,

1
0t d(u, pw, Pnw, T') = bO¢(divu) — 3ayd:T + Nam
C,
0tSs (W, pw, Prw, T) = 3as Ks O (divu) — 3agOpm + T—satT.

ref

7 denotes the equivalent pore pressure:

mi=p* —U,
where p* is the averaged fluid pressure defined by:

p* i= SwPw + SnwPnw,
and U is the interfacial energy, which is a function of saturation s,, and it is defined by:
1
U(sw) ::/ pe(z) dz.
Sw

Mayssam Mohamad InterPore2026 May 21, 2026
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