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Motivation

➔ As offshore wind farms expand, so do concerns about managing excess electricity during peak production.

➔ A promising solution is to convert surplus energy into hydrogen via water electrolysis, then store it in underwater
cementitious cavities.
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• Chemical degradation.

• Structural damage.

• Loss of mechanical strength.

• Increased leak risk.

Hydrogen

Underwater cementious cavity

Objective: Use mathematical models and numerical simulations to predict and prevent these issues, ensuring safe,
efficient, and long-term hydrogen storage.
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Thermo-Hydro-Mechanical model

We consider a Thermo-Hydro-Mechanical (THM) model12 describing a single phase compressible flow in a porous medium.

Mass conservation equation:
∂t(ρ(p)ϕ(u, p, T )) + div(ρ(p)V (p)) = hm.

Entropy conservation equation:

∂t(Ss(u, p, T ) + ρ(p)ϕ(u, p, T )s) + div

(
ρ(p)sV (p) +

1

Tref
q(T )

)
=
he

T
.

Momentum balance equation:
m0∂

2
ttu− div(σ(u, p, T )) = h.

The main unknowns are the fluid pressure (p), the fluid temperature (T ) and the displacement of the skeleton (u).

1O. Coussy. Poromechanics. Wiley, 2004.
2Jérôme Droniou, Mohamed Laaziri, and Roland Masson. “Thermodynamically Consistent discretisation of a Thermo-Hydro-Mechanical model”. In: Springer

Proceedings in Mathematics and Statistics (2023).
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Darcy law:

V (p) := −K
µ

(∇p− ρ(p)g∇z) .

Fourier law:
q(T ) := −λ∇T .

Linear isotropic thermo-poro-elastic constitutive laws:

σ(u, p, T ) := σe(u)− bpId − 3αsKs(T − Tref)Id,

σe(u) :=
E

1 + ν

(
ϵ(u) +

ν

1− 2ν
divuId

)
,

∂tϕ(u, p, T ) = b∂t(divu)− 3αϕ∂tT +
1

N
∂tp,

∂tSs(u, p, T ) = 3αsKs∂t(divu)− 3αϕ∂tp+
Cs

Tref
∂tT .

Boundary conditions:

∇p · n = 0 in ∂Ω× (0, tF ),

∇T · n = 0 in ∂Ω× (0, tF ),

u = 0 in ∂Ω× (0, tF ).
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Mathematical Resolution

• Energy estimates for the continuous model:

∥p∥L2(0,tF ;H1(Ω)) + ∥T∥L2(0,tF ;H1(Ω)) + ∥u∥L2(0,tF ;H1
0 (Ω))d ≤ C.

• Numerical scheme: Backward Euler scheme in time and Two-Point Flux Approximation finite volume scheme34 in
space are employed.

• Energy estimates at the discrete level:

∥pD∥L2(0,tF ;H1(Ω)) + ∥TD∥L2(0,tF ;H1(Ω)) + ∥uD∥L2(0,tF ;H1
0 (Ω))d ≤ C,

where D is the space-time discretization.

3Robert Eymard, Thierry Gallouët, and Raphaèle Herbin. “Finite volume methods”. In: Handbook of numerical analysis, Vol. VII. Handb. Numer. Anal., VII.
North-Holland, Amsterdam, 2000, pp. 713–1020.

4Bilal Saad and Mazen Saad. “Study of full implicit petroleum engineering finite-volume scheme for compressible two-phase flow in porous media”. In: SIAM
Journal on Numerical Analysis 51.1 (2013), pp. 716–741.

Mayssam Mohamad InterPore2026 May 21, 2026 4 / 9



Introduction Mathematical model Numerical results Conclusion

Mathematical Resolution

• Energy estimates for the continuous model:

∥p∥L2(0,tF ;H1(Ω)) + ∥T∥L2(0,tF ;H1(Ω)) + ∥u∥L2(0,tF ;H1
0 (Ω))d ≤ C.

• Numerical scheme: Backward Euler scheme in time and Two-Point Flux Approximation finite volume scheme34 in
space are employed.

• Energy estimates at the discrete level:

∥pD∥L2(0,tF ;H1(Ω)) + ∥TD∥L2(0,tF ;H1(Ω)) + ∥uD∥L2(0,tF ;H1
0 (Ω))d ≤ C,

where D is the space-time discretization.
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Numerical solution at different values of time t

We consider a porous medium of length 10 m, initial porosity ϕ0 = 0.2 and absolute permeability K = 10−15m2.

Moreover, we consider a weakly compressible fluid.

Initial Conditions: p0 = 105Pa, T 0 = 300K, and u0 = 10−5m.

Boundary Conditions: The pressure: p = 4× 105Pa on the left and p = 105Pa on the right. The temperature: T = 285K
on the left and T = 300K on the right. The displacement field satisfies homogeneous Dirichlet boundary conditions.
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Influence of fluid compressibility
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Influence of displacement: Small variations of displacement
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Neumann boundary conditions
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Conclusion & Perspectives

Conclusion:

• We established energy estimates for the continuous formulation.

• We designed a numerical scheme that preserves the energy balance at the discrete level.

• We validated the model through numerical simulations demonstrating stability and physical consistency.

M.Mohamad, J.Dabaghi, F.Grondin, and M.Saad, Finite Volume Discretization Preserving Energy Estimates for a
Compressible THM Model, submitted for publication, 2025.

Ongoing work:
• Extend the model to two-phase flow with one component in each phase.

M.Mohamad, J.Dabaghi, F.Grondin, and M.Saad, Energy estimates and convergence analysis of a two-phase flow in
deformable porous media, submitted for publication, 2026.

Future work:

• Investigate more complex configurations with two constituents in the gas phase and one component in the liquid
phase.
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The relative L2 space-time error is defined, for example for the pressure, as

∥p− ph∥L2(Ω,L2(0,tF ))

∥p∥L2(Ω,L2(0,tF ))

=

(∑NT
n=1

∑
K∈T (p(tn, xK)− pnh)

2
)1/2

(∑NT
n=1

∑
K∈T p2(tn, xK)

)1/2 .

101 102
10−9

10−7

10−5

10−3

10−1

2.06

0.46

2.15

Nx

L
2
R
el
a
ti
ve

E
rr
or
s

||p− ph||/||p||
||T − Th||/||T ||
||u− uh||/||u||
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Energy estimates for the compressible model: key identity

Lemma

∫ tF

0

∫
Ω
∂tE(u, p, T ) dxdt+

∫ tF

0

∫
Ω

m0

2
∂t(|∂tu|2) dxdt+

∫ tF

0

K
µ
∥∇p∥2

L2(Ω)
(t)dt

−
∫ tF

0

∫
Ω
ϕ(u, p, T )

ρ′(p)

ρ(p)
p∂tpdxdt+

∫ tF

0

λ

Tref
∥∇T∥2

L2(Ω)
(t)dt

+

∫ tF

0

∫
Ω

K(ρ(p))′

µρ(p)
p|∇p|2 dxdt =

∫ tF

0

∫
Ω
(hm(g(p) + e− sT ) + he + h · ∂tu) dxdt,

where E(u, p, T ) is the total energy of the system.
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Elements of the proof

•Step 1: Reformulate the entropy conservation equation.
Using the following relation between the fluid specific entropy s and internal energy e

∂te = T∂ts− p∂t

(
1

ρ

)
, ∇e = T∇s− p∇

(
1

ρ

)
.

The entropy conservation equation can be reformulated as

∂tSs(u, p, T ) +
ρ(p)ϕ(u, p, T )

T
∂te−

pϕ(u, p, T )

Tρ(p)
∂tρ(p)

+
ρ(p)V (p)

T
·∇e− pV (p)

Tρ(p)
·∇ρ(p) +

1

Tref
divq(T ) =

he

T
− shm.

•Step 2: Multiply the mass conservation equation by (g(p) + e) where g(p) is the primitive of 1/ρ(p), the
reformulated entropy conservation equation by T and the momentum balance equation by ∂tu, then integrate over
space and time and sum the resulting equations.

•Step 3: Treat each term of the resulting equation from step 2, using appropriate mathematical tools, the closure
equations and the boundary conditions.
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Energy estimates: Control on the solution

Assumptions

(A1) The porosity is always positive i.e. there exists ϕ∗ ∈ R∗
+ such that ϕ(u, p, T ) ≥ ϕ∗ > 0.

(A2) The energy functional is positive meaning that e(p, T ) ≥ 0 ∀p, T ∈ R+ and e− Ts is sub-quadratic in the sense that

lim(|p|,|T |)→+∞
e− Ts

|p|2 + |T |2 = 0.

(A3) The source terms hm, h and he are bounded.

(A4) The thermo-poro-elastic coefficients satisfy Cs > 0, 1
N
> 0, αϕ ≥ 0, E > 0 and ν ∈ (0, 1

2
).

(A5) There exists a constant m∗ > 0 such that m0 ≥ m∗ > 0.

(A6) The density ρ(p) is a strictly increasing function and there exists a positive constant γ such that ρ′(p) = γρ(p).

Theorem

We have the following energy estimate:

∥∂tu∥L∞(0,tF ;L2(Ω)) + ∥p∥L∞(0,tF ;L2(Ω)) + ∥T∥L∞(0,tF ;L2(Ω)) + ∥e∥L∞(0,tF ;L1(Ω))

+ ∥u∥L∞(0,tF ;H1(Ω)) + ∥∇p∥L2(0,tF ;L2(Ω)) + ∥∇T∥L2(0,tF ;L2(Ω)) ≤ C.

Mayssam Mohamad InterPore2026 May 21, 2026 9 / 9



The finite volume method: TPFA scheme

Backward Euler scheme in time and Two-Point Flux
Approximation finite volume scheme

xK

xL

K

L

σKL

dKL

DKL

Discrete unknowns:

Un
h := (Un

K)K∈T , Un
K := (pnK , T

n
K ,u

n
K) ∈ R2+d One value per cell, Nx: number of cells.

Time discretisation: Consider t0 = 0 < t1 < · · · < tNT = tF = NT δt with constant time step δt. For 1 ≤ n ≤ NT , we
define the backward differencing operator

δnt f :=
fn − fn−1

δt
.

At each time step, we solve a nonlinear problem involving Nx × (2 + d) unknowns.
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Space discretisation:

Lh is the discrete space of cellwise constant functions defined
as

Lh :=
{
vh ∈ L2(Ω), vh|K = vK ∀K ∈ T

}
.

xK

xL

K

L

σKL

dKL

DKL

For a piecewise constant function vh ∈ Lh defined per
control volume, we define the discrete broken gradient
∇hvh ∈ Rd by

∇hvh(x) :=

{
d vL−vK

dKL
nKL if x ∈ DKL,

d vσ−vK
dKσ

nKσ if x ∈ DKσ .

For a piecewise constant vector function wh ∈ Ld
h defined

per control volume, we define the discrete broken gradient
∇hwh ∈ Rd×d by

∇hwh(x) :=

{
dwL−wK

dKL
⊗ nKL if x ∈ DKL,

dwσ−wK
dKσ

⊗ nKσ if x ∈ DKσ .

We define the discrete divergence of the vector field Gh by

divKGh :=
1

|K|
∑

L∈N (K)

|σKL|GKL · nKL.
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The finite volume scheme: Mass conservation equation

Mass conservation equation:∫ tn

tn−1

∫
K
∂t(ρ(p)ϕ(u, p, T )) dxdt−

k

µ

∫ tn

tn−1

∫
∂K

ρ(p)∇(p) · n dσdt =
∫ tn

tn−1

∫
K
hm(x, t) dxdt,

which reads

|K|
(
ρnKϕ

n
K − ρn−1

K ϕn−1
K

)
+ δt

∑
L∈N (K)

F1,KL(Un) = δt|K|hnm,K ,

with Fn
1,KL(U

n) := −ρnKL
k
µ
τKL(p

n
L − pnK).

where ρnKL is the value of the density on the interface σKL and it is defined by,

1

ρnKL

:=


1

pnK − pnL

∫ pnK

pn
L

1

ρ(z)
dz if pnK ̸= pnL,

1
ρn
K

otherwise.
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The finite volume scheme: Entropy conservation equation

Entropy conservation equation:∫ tn

tn−1

∫
K
∂t(Ss(u, p, T ) + ρ(p)ϕ(u, p, T )s) dxdt

−
∫ tn

tn−1

∫
∂K

(
k

µ
ρ(p)s(T )∇p+

λ

Tref
∇T

)
· n dσdt =

∫ tn

tn−1

∫
K

he(x, t)

T
dxdt,

which reads

|K|
(
Sn
s,K + ρnKϕ

n
Ks

n
K − Sn−1

s,K − ρn−1
K ϕn−1

K sn−1
K

)
+ δt

∑
L∈N (K)

Fn
2,KL(U

n) = δt|K|
hne,K

Tn
K

,

with Fn
2,KL(U

n) := −ρnKLs
n
KL

k
µ
τKL(p

n
L − pnK)− λ

Tref
τKL

(
Tn
L − Tn

K

)
where

snKL :=
snK + snL

2
,

is the value of the fluid entropy s on the interface σKL.

Mayssam Mohamad InterPore2026 May 21, 2026 9 / 9



The finite volume scheme: Momentum balance equation

Momentum balance equation:∫ tn

tn−1

∫
K
m0∂

2
ttudxdt−

∫ tn

tn−1

∫
∂K

σ(u, p, T )n dσdt =

∫ tn

tn−1

∫
K

h(x, t) dxdt,

which reads

|K|u
n
K + un−2

K − 2un−1
K

δt
+ δt

∑
L∈N (K)

Fn
3,KL(U

n) = δt|K|hn
K , with

F3,KL(Un) :=
−E

(1 + ν)

τKL

2

[
((uL − uK)⊗ nKL)nKL + [(uL − uK)⊗ nKL]

⊤ nKL

]
− Eν

(1 + ν)(1− 2ν)
|σKL| (divunId)KL nKL + b|σKL|pnKLIdnKL

+ |σKL|3αsKs (T
n
KL − Tref) IdnKL.

where

(divunId)KL :=
divKun

h + divLu
n
h

2
Id, pnKL :=

pnK + pnL
2

, Tn
KL :=

Tn
K + Tn

L

2
.

are the values of the discrete divergence of u, fluid pressure p and temperature T on the interface σKL, respectively.
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Discrete variational formulation

Proposition

The finite volume scheme is equivalent to the following discrete variational formulation:∫
Ω

ρnhϕ
n
h − ρn−1

h ϕn−1
h

δt
φh dx+

1

d

∫
Ω
ρnh
k

µ
∇hp

n
h ·∇hφh dx =

∫
Ω
hnm,hφh dx. (1)

∫
Ω

Sn
s,h − Sn−1

s,h

δt
ψh dx+

∫
Ω

ρn−1
h ϕn−1

h

Tn
h

(
δnt eh + pnhδ

n
t

(
1

ρh

))
ψh dx

− 1

d

∫
Ω

ρnhk

Tn
h µ

∇hp
n
h ·∇he

n
hψh dx− 1

d

∫
Ω

ρnhp
n
h

Tn
h

k

µ
∇h

(
1

ρnh

)
·∇hp

n
hψh dx

+
1

d

∫
Ω

λ

Tref
∇hT

n
h ·∇hψh dx =

∫
Ω

(
hne,h

Tn
h

+ snhh
n
m,h

)
ψh dx.

(2)

∫
Ω
δnttuh · ωh dx+

1

d

∫
Ω

E
(1 + ν)

ϵ(un
h) : ϵ(ωh) dx+

∫
Ω

Eν
(1 + ν)(1− 2ν)

divhu
n
hId : ϵ(ωh) dx

−
∫
Ω
(bpnh + 3αsKs(T

n
h − Tref)) divh(ωh) dx =

∫
Ω
hn
h · ωh dx.

(3)

∀(φh, ψh,ωh) ∈ H2+d
h .
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Discrete energy estimates: key inequality

Lemma

Let (pnh , T
n
h ,u

n
h) be the solution of the discrete variational formulation. We have the following inequality:∫

Ω
δnt Eh dx+

∫
Ω

m0

2
δnt |δnt uh|2 dx−

∫
Ω
ϕn−1
h

ρ̃′h
ρnh
pnhδ

n
t ph dx+

k

µ d
∥∇hp

n
h∥2L2(Ω)

+
λ

Tref d
∥∇hT

n
h ∥2

L2(Ω)
+

1

d

∫
Ω
ρ′h
kpnh
µρnh

|∇hp
n
h |2 dx

≤
∫
Ω

(
hnm,h(g(p

n
h) + enh − snhT

n
h ) + hne,h + hn

h · δnt un
h

)
dx.
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Discrete energy estimates: Control on the solution

Let D be a discretization of Ω× (0, tF ). We denote any function from T × [0, NT + 1] to R by using the subscript D , and
we denote its value at the point (xK , t

n) using the subscript K and the superscript n, we then denote
pD = (pnK)K∈T ,n∈[0,NT+1].

Proposition

Let (pD , TD ,uD) be the solution of the discrete variational formulation. We assume that the previous assumptions hold
for the discrete parameters. We obtain the following estimate:

∥∂tuD∥L∞(0,tF ;L2(Ω)) + ∥pD∥L∞(0,tF ;L2(Ω)) + ∥TD∥L∞(0,tF ;L2(Ω)) + ∥eD∥L∞(0,tF ;L1(Ω))

+ ∥uD∥L∞(0,tF ;H1(Ω)) + ∥∇hpD∥L2(0,tF ;L2(Ω)) + ∥∇hTD∥L2(0,tF ;L2(Ω)) ≤ C.
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Two-Phase flow

We consider two phases: one wetting denoted by w containing water and the other non-wetting denoted by nw containing
hydrogen.
Wetting fluid mass conservation equation:

∂t(swρwϕ) + div(ρwVw(pw)) = hw.

Non-wetting fluid mass conservation equation:

∂t(snwρnwϕ) + div(ρnwVnw(pnw)) = hnw.

Entropy conservation equation:

∂t

Ss +
∑

α∈{w,nw}
ραsαcαϕ

+ div

 ∑
α∈{w,nw}

ραcαVα(pα) +
1

Tref
q(T )

 =
he

T
.

Momentum balance equation:
m0∂

2
ttu− divσ = h.

The main unknowns are the wetting fluid pressure (pw), the non-wetting fluid pressure (pnw), the fluid temperature (T )
and the displacement of the skeleton (u).
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Darcy law:

Vα := −K
Krα(sα)

µα
∇pα.

Saturation:
sw + snw = 1.

Capillary pressure:
pc(sw) = pnw − pw.

Linear isotropic thermo-poro-elastic constitutive laws:

σ(u, pw, pnw, T ) := σe(u)− bπId − 3αsKs(T − Tref)Id,

∂tϕ(u, pw, pnw, T ) = b∂t(divu)− 3αϕ∂tT +
1

N
∂tπ,

∂tSs(u, pw, pnw, T ) = 3αsKs∂t(divu)− 3αϕ∂tπ +
Cs

Tref
∂tT.

π denotes the equivalent pore pressure:
π := p⋆ − U,

where p⋆ is the averaged fluid pressure defined by:

p⋆ := swpw + snwpnw,

and U is the interfacial energy, which is a function of saturation sw and it is defined by:

U(sw) :=

∫ 1

sw

pc(z) dz.
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