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Spatially evolving heterogeneities

* |mportance of macroscopic transport models in
porous media

* Obtained from various upscaling methods

* Challenges in upscaling heterogeneous porous
media
» Distribution of length scales
* Definition of a representative volume ?

* Focus on PM with continuous spatial variations
of average properties
* Energy efficiency [Du et al. 2020]

 Bioreactors [Chabanon et al. 2019, Beauchesne,
Chabanon et al. 2020]

* Filters in process engineering [Dalwadi et al. 2015]
* Dendritic solidification [Goyeau et al. 1999]
* Fluid-porous interfaces [Goyeau et al, 2003]
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Objectives

* Develop formal macroscopic models in

porous media with porosity gradients (mass
& momentum transport) Macroscopic scale Averaging volume
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Objectives

* Develop formal macroscopic models in
porous media with porosity gradients (mass
& mom entum transport) Macroscopic scale Averaging volume

* |dentify possible additional terms involving o

V € in the macroscopic model and in the

closure problems, and asses their
importance

* Validate the average model against DNS
simulations

f-phase
(liquid)

Porosity Ep

low

* Methodology:
* \Volume averaging method
* Finite element method
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Local problem

 Momentum transport Averaging volume
V,.v3=0 in the f-phase
0=— VyPﬁ T P8 + Uy V%Vﬂ in the f-phase
V,B — O at AﬁO'
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Local problem

 Momentum transport Averaging volume

V,.v3=0 in the -phase f-phase

0=—V Ps+psg+ g V%Vﬂ in the 3-phase (liquid)

V,B — O at AﬁO'
 Mass transport

2 (VﬂCAﬁ) =V, (DﬁVyCAﬂ) in the f-phase

nﬂd . Dﬂ VyCAﬁ — O at Aﬂd

o-phase
(solid)
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Local problem

 Momentum transport Averaging volume
V,.v3=0 in the -phase f-phase
0=—V Ps+psg+ g V%Vﬂ in the 3-phase (liquid)
vg=0 at Ag,

 Mass transport
2 (VﬁCAﬁ) =V, (DﬁVyCAﬂ) in the f-phase
nﬂd . Dﬁ VyCAﬂ — O at Aﬂd

* Volume averaging toolbox: averages, transport theorems, 5 phase
deviations, length scale constraints ... (solid)
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Upscaling momentum transport

Closed macroscopic model
Vo (v = — 7'V, 5. (vj)/ L.~ L, = 0(ry)

0= — V(P + g+ 1y VAV, — (gﬁKg—l — ¢! V)%gﬁ1> (vy)

— Uy (eﬁ%gl — eﬁ_l V.6 & I) : Vx(vﬁ)ﬁ
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Upscaling momentum transport

Closed macroscopic model
Vo (v = — 7'V, 5. (vj)/ L.~ L, = 0(ry)

0= — V(P + g+ 1y VAV, — (gﬁKg—l — ¢! V)%gﬁ1> (vy)

— Uy (eﬁ%(j — eﬁ_l V.6 & I) : Vx(vﬁ)ﬁ

With the permeability tensors defined as

1

1
-1 _ . -1 _
gﬁKg —_ J:4 nﬁa * <—I ® bﬁ + V)’Bﬂ) dA y 8,5%8 —
fo

Vi

Aps
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Upscaling momentum transport

Closed macroscopic model
Vo (v = — 7'V, 5. (vj)/ L.~ L, = 0(ry)

0= — V(P + g+ 1y VAV, — (gﬁKg—l — ¢! V)%gﬁ1> (vy)

— Uy (eﬁ%(j — eﬁ_l V.6 & I) V. (vg)

With the permeability tensors defined as

1 1
-1 _ . -1 _
oK, = J ng, - (~1@by+V,By)dA ; e%; = . J n,- (~1® C,+ V%) da
,B A,BO' lB Aﬂa
Two closure problems
— o1 _
V)’.Bﬁ_gﬂ ngﬁ Vy%ﬁ_()
0=-V,b;+ V%Bﬁ + (gﬂKg_l — gﬂ_l V%eﬁl) 0=-V,Cs+ nggﬁ T (5ﬁ=%8_1 — 5/3_1 Vs @ I)
BC. Bﬁ=—I BC.: %ﬁzO

Outer boundary conditions Outer boundary conditions
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Upscaling momentum transport

Closed macroscopic model
Vx . <Vﬁ>’6 —_— = gﬂ_l ngﬁ . <Vﬂ>’6

Lg i LV — O(ro)

0= — V(P + g+ 1y VAV, — (gﬁKg—l — ¢! V)%gﬁ1> (vy)

With the permeability tensors defined as

1

_1_ _

oK = J ng, (_1®bﬁ+vy3ﬂ) dA
B4,

Two closure problems

-----------

Outer boundary conditions

— Uy (eﬁ%gl — 8'5_1 V.6 & I) : Vx(vﬁ)ﬁ

1
Vi

-1 _
8,3%8 — J'A nﬁd * (—I ® Cﬁ + V)’%ﬁ> dA
fo

v,-,=0
2 - —1 :
0= V,Cy+ V2%, + (8,7 1i= 27V, 5, @ 1]

Outer boundary conditions
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Upscaling momentum transport

Closed macroscopic model
Vo (v = — 7'V, 5. (vj)/ L.~ L, = 0(ry)

0=— Vx<P,B>'B T P8 + U V§<Vﬁ>ﬁ — Hp (8/3K8_1 B gﬂ_l V§8ﬁ1> ' <Vﬂ>ﬂ
— Uy (eﬁ%gl — 8'5_1 V.6 & I) V. (vg)

With the permeability tensors defined as

1

1
-1 _ . -1 _
gﬁKg —_ J:4 nﬁa * <—I ® bﬁ + V)’Bﬂ) dA y 8,8%8 —
fo

Vi

Aps

Two closure PFOblemS Incompatible with periodic

V,-B,= 8/3 ~ly £ " boundary conditions ! vV, ;=0
O0=—-V,bs+ VzBﬁ + (gﬂK_l' ﬁ_l V%eﬁl.):: 0=-V,Cs+ Vz%ﬁ T (gﬂ‘%_ ~__/3:1__fo€_<§_§)_1__):

Outer boundary conditions Outer boundary conditions
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Simplified macro model for momentum transport

_ _ ¢y < (L, L,) = O(r,) for porous media
Closed macroscopic transport equation with spatially evolving heterogeneities
— tal., TIPM 1997
V.. <Vﬁ>ﬁ = —¢; 1 ngﬁ- <Vﬂ>ﬁ [Goyeau et al., Ti 997]

O _ — Vx<P'B>'B + pﬂg + ’M,B V%(Vﬁ>ﬁ — IM,B (8,BK,B_1 — 8'3_1 VJZCS'BI) . <Vﬁ>ﬂ + /’tﬂgﬂ_l ngﬁ ) VJC(VIB)'B

See details in [Chabanon et al., TiPM 2026]
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Simplified macro model for momentum transport

¢y < (L, L,) = O(r,) for porous media

Closed macms?.o.?'.q _t[gp_s_p_c_)rt equation with spatially evolving heterogeneities
i o1 ' G tal., TiPM 1997
V.. <Vﬁ>'5 =i— & ngﬁ, (vﬂ>ﬁ: [Goyeau et al., Ti ]

~-------------_ ‘_ -----------------------------------

See details in [Chabanon et al., TiPM 2026]
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Simplified macro model for momentum transport

_ ¢y < (L, L,) = O(r,) for porous media
Closed macroscoplc transport equation with spatially evolving heterogeneities

V. (v =i— &5V 8ﬁ.(vﬂ)ﬁ' [Goyeau et al., TIPM 1997]

h
S

~-------------_ ‘_ -----------------------------------

Simplified closure problem and permeability tensor are identical to homogeneous
porous media

1
Permeability tensor eﬂKﬁ_l = J ng, - (—I X b's + VyB’ﬂ) dA
Vi A,
V,-B;=0 in the [-phase
Periodicity: B; (X + ) = ;(X) ; b(x + 1) = b(x)
0=—-V,b;+ VzB; + 8/3K_ in the -phase
Y Uniqueness: (Bb)ﬂ =0 ; (bb)ﬁ = 0
BC: B, —_ I atAﬁG

See details in [Chabanon et al., TiPM 2026]



Solute transport

Closed macroscopic transport equation

V. (v (Cap)) = V.-

_Deff ' Vx<CAﬁ>'B_
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Diffusion-dispersion tensor

1 N

fo
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Solute transport

Closed macroscopic transport equation Diffusion-dispersion tensor

- - 1 ~
v, - (gﬁ(vﬁ>ﬂ<CAﬁ>ﬂ> =V, Dy VUG’ D, = D;| el VL n; ® dydA | - (v, ® dy)

fo

Closure problem

D e
. _ - p * In its intrinsic average
Vo+v,-Vd,=D,Vd,— 7'V - —J n, ® d,dA 9
A A R B A, P ¢ formulation, identical to
homogeneous porous media.
BC: —nﬁa . D,B Vydﬂ — nﬂGDﬂ at A,BG

* Velocity field influenced by

heterogeneities.
Periodicity: dy(x + ;) = dy(x) fori=1,2,3

Uniqueness: (dﬂ)ﬂ =0
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Application: mixing chamber filled with a porous medium
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Simulation methodology A

Application: mixing chamber filled with a porous medium

periodic
boundaries @ .............
Procedure . : |
* Solve closure problems on 2D : '
representative unit cell solid ,
SN (-phase) [
——_ non-
i : permeable
¢ﬂuud (f-phase) T wall
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Simulation methodology

mixing layer

Y e

Application: mixing chamber filled with a porous medium

periodic
boundaries @ .............

Procedure . : |
 Solve closure problems on 2D : '

representative unit cell solid .
+ Tabulate permeability and diffusion- | | [l

dispersion tensors for porosity and | fluid (pphase) | Pe";‘vgﬁ‘b'e

Péclet number R .



Simulation methodology

Application: mixing chamber filled with a porous medium

Procedure

* Solve closure problems on 2D

representative unit cell

 Tabulate permeability and diffusion-
dispersion tensors for porosity and

Péclet number

* Solve macroscopic equations for a
given porosity distribution and
macroscopic Péclet number
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periodic

solid .
(o-phase)
“——_ non-
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L e
< >
4 —
INLET L

* imposed
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Application: mixing chamber filled with a porous medium

Procedure

Simulation methodology

periodic
boundaries

Solve closure problems on 2D
representative unit cell

Tabulate permeability and diffusion-
dispersion tensors for porosity and

Péclet number :
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Solve macroscopic equations for a
given porosity distribution and
macroscopic Péclet number

Compare to DNS

|
el
-

O

step profile

£

mixing layer

solid :
(0-phase) i
T non-
fluid (p-phase) : Permeable
bt aeuds M TR symmetry
> B
£ — :
|
INLET S | e
rimposed mass \~ | iiiiiiiiiiiiiiiiiii OUTLET
flow rate  ssssssssssssssnnnnns : * imposed
» imposed ( EEEEEEEEEEEEEEEEEEEE pressure
concentration o ANEEEEEEEEEEEEEEEEEE o no-ﬂux

R

symmetry
217

non-permeable
solid obstacles
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Results : momentum transport (1/2)
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momentum transport (1/2)

Results
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Results : momentum transport (1/2)

saans ulU, TSEssmssmEs ul Uref Y=10
sasns 9 o 9 3.5
OO 8 TassEEEEnS 8 v o DNS
(£ o / TasEEEEEES 7/ —— Macro eqs
Crrer 6 =Sssas 6 o
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Flow along porosity gradients: extra terms are required!



Macro eqs
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Results : momentum transport (2/2)



Macro eqs
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Results : momentum transport (2/2)
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Results : momentum transport (2/2)

2]
O
Q
O
o vos DNS
‘EU .. —— Macro eqgs
0+ == Macroeqs(Ve/,=O) .
0.5 . ; :
0 2 4 6
<u>ﬂ/Uref

Flow orthogonal to porosity gradients: no need for extra terms
Vx . <V,B>ﬂ — = 8,5_1 ngﬁ . <Vﬁ>ﬁ

0= — Vx<P,B>'B +,Ulgg + ﬂﬁV)%(Vﬁ)ﬂ — Uy (8,BK,B_1 _ 8,6_1 V%Sﬁl) . <Vﬁ>ﬁ + ,Mﬁeﬁ_l Vxeﬂ : Vx<Vﬂ>ﬁ



Results : dispersive transport (1/2)

DNS

Macro eqgs
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ive transport (1/2)
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Results
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Results : dispersive transport (2/2)
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ive transport (2/2)
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Results : dispersive transport (2/2)
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Conclusion

Macroscopic dispersion models work well
* with porosity derivatives only in the macroscopic equation for momentum
* using closure problems for homogeneous porous media

» even with Ve over short lengths ( ~ £)
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Conclusion

Macroscopic dispersion models work well
* with porosity derivatives only in the macroscopic equation for momentum
* using closure problems for homogeneous porous media

» even with Ve over short lengths ( ~ £)

Importance of right choice of average in porosity gradient!

* Mass conservation = conservation of superficial velocity
Vx . <Vﬁ>’6 —_ 8}5_1 VXS,B . <Vﬁ>'6 — Vx . <Vﬁ> — O
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Conclusion

Macroscopic dispersion models work well
* with porosity derivatives only in the macroscopic equation for momentum
* using closure problems for homogeneous porous media

» even with Ve over short lengths ( ~ £)

Importance of right choice of average in porosity gradient!

* Mass conservation = conservation of superficial velocity
Vx . <Vﬁ>’6 —_ 8}5_1 VXS,B . <Vﬁ>'6 — Vx . <Vﬁ> — O

 Macroscopic dispersion in superficial form has a convective term
Vx ' <8ﬂ<vﬁ>ﬁ<CAﬁ>ﬁ) — Vx ' Def ' Vx<CAﬂ>'B_

— V. . [eﬂ_l <<Vﬁ> -|-i8ﬂ_1Deff' ngﬁ):)<CAﬁ>] = V- _8ﬂ_1Deff' Vx(CAﬂ>_

Porosity gradient convective term
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Local problem

 Momentum transport Averaging volume
V,.v3=0 in the -phase f-phase
0=—V Ps+psg+ g V%Vﬂ in the 3-phase (liquid)
vg=0 at Ag,

 Mass transport
2 (VﬁCAﬁ) =V, (DﬁVyCAﬂ) in the f-phase
nﬂd . Dﬁ VyCAﬂ — O at Aﬂd

* Volume averaging toolbox: averages, transport theorems, 5 phase
deviations, length scale constraints ... (solid)
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Upscaling momentum transport

 Non-closed averaged problem

e IHE I I I B B B B N NN N g

VX <Vﬂ>ﬂ — ':1 8_1 ngﬂ. <Vﬁ>ﬁ ‘: L8 ~ LV — O(FO)
\ﬂ. _______ _1_ - _m?
0= = V(P +p+—| myo- (-1 +mV,, ) dA
'B Aﬁa _____________________________
iy ( V2(v,) +:eﬁ1V £y V (V) + e 1v28ﬁ<vﬂ>ﬂ) :
» Deviation problem e e ‘

-------------

* Closure variables
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Upscaling momentum transport

* Closed macroscopic model
Vx . <VIB>'B —_ 813_1 ngﬁ . <VIB>'B

0=-— Vx<P,B>'B T P8 T+ U V%<Vﬁ>ﬁ — Hg (EﬁKg_l — gﬁ_l V)%gﬁl) ‘ <Vﬁ>ﬂ
— Uy (Sﬂ%;1 — eﬁ_l V.&® I) : Vx(vﬂ)ﬂ
* With the permeabillity tensors defined as

1
—1 .
pa,

-1
po
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Upscaling momentum transport

Closure problem 1 Closure problem 2

v, Bﬂ—-‘eﬂIVSﬂ, Vy- =0
0=~ Vb, + V2B, + (K15 Vil )s 0= =V,Cp Vi + (6767 Vi, 1T
8C: B,=-1 BC: 63=0

Outer boundary conditions Outer boundary conditions

To be solved on a representative elementary volume (REV)

“Mass production term” is incompatible with periodic
boundary conditions !
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Simplification of the closure problem

Back to the deviation problem

_ > 2 1 1
O — — VyP,B +IM,BV)7V,B"_ ’M,Bgﬁ ng .

--------------------------------

p
o(w%-) > of

¢y < (L, L,) = O(r,) for porous media

with spatially evolving heterogeneities
[Goyeau et al., TIPM 1997]

Simplified closure variables
Py=pgbjy- (V) 5 ¥y =Bj-(vg)
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Simplified macro model for momentum transport

_ ¢y < (L, L,) = O(r,) for porous media
Closed macroscoplc transport equation with spatially evolving heterogeneities

V. (v =i— &5V 8ﬁ.(vﬂ)ﬁ'- [Goyeau et al., TiPM 1997]

‘_ -----------------------------------

h
S

---------------

Simplified closure problem and permeability tensor are identical to homogeneous
porous media

1
Permeability tensor eﬂKﬁ_l = J ng, - (—I X b's + VyB’ﬂ) dA
Vi A,
V,-B;=0 in the [-phase
Periodicity: B; (X + ) = ;(X) ; b(x + 1) = b(x)
0=—-V,b;+ VzB; + 8/3K_ in the -phase

Uniqueness: (Bb)ﬂ =0 ; (bb)ﬁ = 0
BC: B, —_ I atAﬁG

See details in [Chabanon et al., TiPM 2026]
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