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What is chaotic advection?

• Advection equation is a dynamical system rich enough to admit chaos:

• Chaotic mixing arises if d.o.f ≥ 3 (2D unsteady, 3D steady), particle trajectories form chaotic orbits: 

• Stretching and folding motions leads to exponential stretching:

• Strength of chaos characterised by (infinite time) Lyapunov exponent
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Why does it matter?

• Chaotic mixing fundamentally alters many fluid-borne processes in porous media:

• Solute mixing - mixing rates are exponential and singular: 

• Solute dispersion - transverse (longitudinal) dispersion enhanced (retarded):

• Colloid transport - hydrodynamic trapping, deposition “hot spots”:

• Chemical reactions - accelerated kinetics, augmented stability:

• Biological activity - competitive coexistence, singular kinetics:

• Need to properly resolve the advective dynamics to understand, quantify and predict these phenomena

Aref et al, Rev. Mod. Phys. (2017)

Rothstein et al, Nature (1999)

Jones, Phys. D. (1999)

Haller and Sapsis, Phys. D. (2008)

G. Haller, T. Sapsis / Physica D 237 (2008) 573–583 579

Fig. 5. Streamlines of the model flow at t = 0.4.

The vortex centers are assumed to move parallel to the x-axis
at a constant speed, satisfying

x1(t) = 1 + L [(t/Tc) mod1] , x2(t) = x1 (t � Tc/2) ,

y1(t) = �y2(t) ⌘ y0.

The shape of the shed vortices is controlled by the factor

gi (x, y, t) = exp
⇣
�R0

h
(x � xi (t))

2
+ ↵2(y � yi (t))

2
i⌘

,

where R
1/2
0 is the characteristic vortex size, and ↵ is an aspect

ratio parameter.
Finally, the last term in Eq. (21) represents the contribution

of the background flow of uniform velocity u0. The factor
s (x, t) is introduced in order to simulate the shielding of the
background flow just behind the cylinder; it is taken to be of the
form

s(x, y) = 1 � exp
⇣
�(x � 1)2/↵2

� y
2
⌘

.

As in Jung, Tél and Ziemniak [12], we choose a set of
parameters for which the model has been shown to approximate
the Navier–Stokes solution for this geometry with Re ⇡ 250.
More specifically, we set the nondimensional parameter values
↵ = 2, R0 = 0.35, L = 2, a = 1 and y0 = 2. For the
background flow velocity, we choose u0 = 14/Tc, while the
average strength of the vortices is taken to be w = 8 ⇥ 24/⇡

as in Benczik, Toroczkai and Tél [5]. As shown by Jung, Tél
and Ziemniak [12], the above set of parameters leads to a flow
period of Tc = 1.107. We show a representative snapshot of the
corresponding flow in Fig. 5.

7.2. Slow-manifold in the model flow

Here we show that the inertial equation (10) indeed gives
the correct asymptotic motion of finite-size particles in this
example. For particles, we choose bubbles with R = 1.55 and
✏ = 0.01. Gravity is ignored in the model (g = 0). First, we
solve the full four-dimensional Maxey–Riley equation (3) on
the time interval [0, 1.12] using a fourth-order Runge–Kutta
algorithm with absolute integration tolerance 10�7. We release
several bubbles with their initial spatial location taken from the
grey circle shown in Fig. 6. The initial velocities of all particles
were taken much larger in absolute value than the velocities
corresponding to the same initial location on the slow manifold.
In the same figure, we also show the projection of the four-
dimensional solution of (3) onto the x = (x, y) plane. Note that
all bubbles converge to the same attracting fluid trajectory.

Fig. 6. Simulated bubble motion in the full Maxey–Riley equations.

Fig. 7. Simulated bubble motion in the truncated inertial equation (12).

By contrast, Fig. 7 shows the dynamics on the slow
manifold M✏ . To generate this picture, we used the same
initial bubble locations on M✏ to solve the truncated inertial
equation (12) over the same time interval. Over an initial
period of exponentially fast decay to M✏ , the trajectories and
their projections on the slow manifold only show qualitative
similarities; the details of their geometries differ, especially
while they pass through a moving vortex behind the cylinder.
This is not surprising: even two very close initial positions on
the slow manifold will generate noticeably different trajectories
in regions with sensitive dependence on initial conditions.

In the present example, however, there exists a downstream
moving attractor on the slow manifold (cf. Fig. 7). This attractor
is a distinguished fluid trajectory that attracts all nearby
inertial trajectories and hence ultimately eliminates sensitive
dependence on initial conditions. Fig. 6 shows that solutions
of the full Maxey–Riley equation also cluster around this time-
varying attractor. By working on the slow manifold, we have
reduced the dimension of the particle tracking problem from
four to two, still reproducing the same asymptotic clustering
behavior seen in the full Maxey–Riley equation.

Both in Figs. 6 and 7, we use color to indicate the
instantaneous leading-order geometry of the slow manifold (6)
at time T = 1.2. Specifically, colors ranging from dark blue to
dark red indicate increasing values of |v| = |u(x, T )| , which is
a measure of the “height” of the slow manifold at leading order
in the (x, v) coordinate space.

Tel et al, Rev. Mod. Phys. (2005)

Karolyi et al, Phys. Rev. Lett. (2000)



Isotropic 3D Darcy flow

• Isotropic Darcy flow has zero helicity density h (a measure of topological complexity):

• Thus isotropic Darcy flow admits a pair of streamfunctions:

• Streamfunctions constrain Lagrangian kinematics: 

• no streamline braiding:

• non-chaotic mixing:

• zero advective transverse macrodispersion:

 

• Even if strongly heterogeneous*, isotropic Darcy flows are non-chaotic (*if k is smooth)

Zero helicity isotropic Darcy flow
Lester et al, J. Fluid Mech. (2021)
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v = r⇥A = r 1 ⇥r 2
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h ⌘ v · (r⇥ v) = kr� · (r�⇥rk) = 0

Moffatt, J. Fluid Mech. (1969)
Sposito, Adv. Wat. Res. (2001) 
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Zero transverse macrodispersion
Lester et al, Wat. Resour. Res. (2023)

D.R. Lester, G. Metcalfe, M. Trefry and M. Dentz
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Figure 1. (a) Isosurfaces of the typical normalised heterogeneous log-conductivity field f (x) = ln K (x)/σ 2
lnK

used to model isotropic k(x)I and anisotropic K (x) conductivity tensors and (b) associated potential field φ(x)
for anisotropic Darcy flow driven by a uniform mean potential gradient. Note coloured surfaces are isopotential
surfaces φ =const. Associated streamlines for heterogeneous Darcy flow with (c) isotropic conductivity field
(δ = 0 in (5.1)) and (d) anisotropic conductivity field (δ = 1 in (5.1)) with log-conductivity variance σ 2

lnK = 4
and parameters N = 4, Ni = 2 in (5.2).

the medium, they do not exhibit asymptotic transverse dispersion. In § 5.1 the transverse
dispersivity of this flow is numerically computed to be effectively zero.

These kinematic constraints persist even if the scalar field k(x) is statistically
anisotropic (i.e. has different correlation structures in different principal directions), as
the corresponding Darcy flow is still locally isotropic and H(x) = 0. We remark on the
application of these results to the so-called ‘helicity paradox’ (Cirpka et al. 2015) that
occurs when a statistically anisotropic but locally isotropic conductivity field is upscaled
from the Darcy scale to the block field scale, resulting in an anisotropic block-scale
conductivity field (Bear 1972). This spuriously adds degrees of freedom to the Lagrangian
kinematics and permits block-scale chaotic advection where none should exist based on the
fully resolved Darcy-scale flow. While beyond the scope of this paper, our results highlight
the need for upscaling methods that obey the appropriate kinematic constraints.

These results provide insights into the connection between transverse macro-dispersion
in steady Darcy flow and anisotropy of the hydraulic conductivity tensor K (x).
Unfortunately, the prevalence (or otherwise) of transverse macro-dispersion in field studies
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Anisotropic 3D Darcy flow

• Anisotropic Darcy flow has non-zero helicity density h, streamsurfaces no longer exist:

• These flows appear to admit mixing, braiding and transverse dispersion:

• Q: Are these flows chaotic?

• Q: How prevalent are anisotropic conductivity fields? 

<latexit sha1_base64="lM8PcXQ6gDiS24FWvsKQh0djXAo="></latexit>

v(x) = �K(x) ·r�, K(x) 6= k(x)I
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h = K ·r� · (r⇥K ·r�) 6= 0

Anitostopric Darcy flow
Huber et al, Hydrol. Earth Syst. Sci (2016)

Anitostopric Darcy flow
Cirpka et al, Wat. Resour. Res. (2015)

Helical flow in layered porous media: Ye et al, 
Phys. Rev. Lett. (2015)



Linking stirring and dispersion

• 3D steady flow, 1D streamlines are topological obstacles - if streamlines lines braid, fluid 

elements must be stretched exponentially:

• Braid word b characterises sequences of crossings      , can estimate Lyapunov exponent: 

                 e.g. 

• We derive a fundamental link between stirring and transverse dispersion in random flows:

• Field data suggests              , hence Darcy flow must also be chaotic:

Lester et al, ArXiv (2026)

D.R. Lester, G. Metcalfe, M. Trefry and M. Dentz

n = 1 n = 2 n = 3
Initial
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x1, t

σ1

σ1σ2
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Figure 2. (a) Braid diagram depicting stretching of material elements (red) around fluid particle streamlines
(black) numbered n = 1 to n = 3 from left to right in a 3-dof flow. For a steady 3-D flow braiding evolves
in the longitudinal x1 coordinate, and for an unsteady 2-D flow braiding evolves with respect to time t . The
pathline crossing events are characterised by the respective braid generators σ1 and σ−1

2 , which act to stretch
the material element due to the topology of the braiding motions. (b) Stretching of material elements (brown)
due to braiding motions (adapted from Thiffeault 2022) of streamlines (red circles) corresponding to the braid
diagram in (a) that evolves with the longitudinal direction x1 or time t .

H ̸= 0, this raises the potential for chaotic advection, which is inevitable in nonlinear
continuous systems with arbitrary coefficients and three degrees of freedom (dof = 3)
(Speetjens et al. 2021). In the following section we firmly establish that transverse
macro-dispersion and chaotic advection are intimately linked in Darcy flow.

3. Streamline braiding and chaos

3.1. Background
The link between dispersion and chaotic mixing can be explored via consideration of
streamline braiding. As 1-D streamlines are invariants of steady 3-D flow, braiding of
streamlines stirs fluid elements in a complex manner, as illustrated in figure 2. This
concept has been used to quantify stirring in another 3-dof system – unsteady 2-D flow –
where non-trivial braiding of 1-D pathlines can also stretch and fold the fluid continuum.
For unsteady 2-D flow, braid group theory (Handel & Thurston 1985; Boyland, Aref &
Stremler 2000; Moussafir 2006) has been developed to quantify the topological entropy
hbraid of the pathline braiding motions, closely related to the Lyapunov exponent λ∞
(Thiffeault 2005). In § 3.2 we show that steady 3-D Darcy flow is topologically equivalent
to 2-D unsteady flow, hence this mathematical framework applies to these flows.

The topological equivalence between stagnation-free steady 3-D flow and unsteady 2-D
flow has been established since the earliest studies of chaotic advection (Aref 1984; Bajer
1994), with particular focus on steady 3-D duct flows (Lester et al. 2018b; Speetjens et al.
2021). Steady heterogeneous 3-D Darcy flow driven by a unidirectional mean pressure
gradient shares many similarities with stagnation-free steady 3-D duct flows in that both
flows are topologically equivalent to unsteady 2-D flow and chaotic advection arises due
to transverse perturbations away from a fully integrable state. However, a fundamental
difference between these flows is that heterogeneous Darcy flow is typically random and
aperiodic, meaning the tools and techniques of Hamiltonian chaos for temporally periodic

1018 A35-8
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Zech et al, Groundwater (2019)

Journal of Fluid Mechanics
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Figure 3. (a) Propagation of 1-D streamlines (black) in a steady unidirectional 3-D flow with mean flow in the
longitudinal (x1) direction. (b) Schematic of braiding of streamlines (black circles) labelled n − 1, n, n + 1 in
the transverse x2 − x3 plane via clockwise (black) σn , anti-clockwise (blue) σ−1

n braid generators.

2-D systems (Poincaré sections, analysis of periodic points, resolution of hyperbolic
manifolds and Kolmogorov–Arnold–Moser islands) (Ottino 1989) do not apply to
these flows. While tools such as Lagrangian coherent structures (LCS) (Haller 2015)
are well suited to uncover the advection structure of aperiodic flows, in this study we
focus on braid group theory (or topological fluid mechanics) (Boyland et al. 2000) as this
approach, as shall be shown, provides a vital quantitative link between chaotic advection
and transverse dispersion that is central to this study.

Braid group theory is used to quantify stirring in unsteady 2-D flows (Boyland
et al. 2000) via a well-developed mathematical framework (Artin 1947; Moussafir
2006; Thiffeault 2022) that efficiently encodes fluid stirring via a symbolic braiding
representation of the topology of pathlines in space–time. This encoding can be used to
compute the topological complexity of their braiding motions, and the Neilson–Thurston
classification theorem (Handel & Thurston 1985) characterises braids as periodic,
reducible or pseudo-Anosov types, the latter of which is interpreted as an indicator of
chaotic dynamics (Boyland et al. 2000). Due to topological equivalence, this framework
can also be applied to streamline braiding in steady 3-D Darcy flow.

For steady unidirectional 3-D flow, streamline braiding is encoded via a sequence of
braid generators σ±1

n (Artin 1947). Figure 3(a) shows propagation in the x1 direction of
a set of streamlines of a steady unidirectional 3-D flow that undergo random ‘crossing’
motions with respect to the transverse x3 coordinate. As shown in figure 3(b), these
crossing motions can be characterised in terms of the braid generators σn and σ−1

n , which
respectively characterise clockwise and counter-clockwise crossing of streamlines n and
n + 1 in the transverse (x2, x3) plane. Note streamlines are labelled (. . . , n − 1, n, n +
1, . . .) with respect to their relative position in the x2 coordinate, so these labels are
updated after each crossing event. An ordered sequence of braid generators forms the braid
word b = σ±1

n1
σ±1

n2
. . ., which is determined by the sequence of streamline crossings in the

x1 direction. Hence, b completely characterises the topological braiding motions of the
streamlines. As shown in figure 2(b), these braiding motions act to stretch and fold fluid
elements (brown), leading to exponential stretching if they are of pseudo-Anosov type.

The rate of stretching generated by a braid word b is given by its topological braid
entropy hbraid. In general, the topological entropy ĥ of a dynamical system measures the
rate of loss of information of the system about its initial conditions. For fluid flows ĥ is
closely related to the largest infinite-time Lyapunov exponent λ̂∞ and forms an upper
bound for λ̂∞ (Thiffeault 2010). In practice, the topological entropy of a flow can be
interpreted as the asymptotic exponential growth rate of the length l(t) of a material line
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Figure 12. (a) Convergence of �T FTBE and topological braid entropy hbraid(Np/Nb) to the
random braid entropy h��i for the 1D pathline model with the number Nb of braid events
for fixed pathline number Np = 103. Similar results are obtained for larger values of Np. (b)
Convergence of scaled FTBE (

p
�L`/hv1i FTBE) with braid number Nb for the 2D pathline

model for di↵erent array dimensions Nx (green Nx = 10, light blue Nx = 20, purple Nx = 50,
pink Nx = 100, red Nx = 200). Inset: convergence of scaled FTBE for Nb = 107 with pathline
array dimension Nx to h��i ⇡ 0.8525.

The alternate scaling of the FTBE in (5.6) to the 1D case (5.5) is attributed to the
transition from the 1D pathline array to 2D, where pathlines are now dispersed in both
the x2 and x3 directions. Budǐsić & Thi↵eault (2015) show that in the asymptotic limit
t ! 1, Np ! 1, the FTBE converges to the Lyapunov exponent �̂1 as

lim
Nb!1

lim
Np!1

FTBE = �̂1 ⌘ �1
hv1i

`
. (5.7)

Squaring this expression then yields

�
2
1 =

`
2

hv1i
2
FTBE2 = h��i

2 `

�L
, (5.8)

and substitution of (5.2) with PeT = d/f yields

h = �1 = f
1/d

h��i =

✓
d

PeT

◆1/d

h��i, d = 1, 2, (5.9)

which generalises (4.12) to 1 or 2 dimensional pathline arrays. Hence the 2D pathline
model recovers the same random braid entropy h��i and relationship relating the Lya-
punov exponent to advective transverse dispersivity. For the 2D model, the relationship
�1 /

p
DT arises as pathline braiding imparts dispersion in two dimensions. Note again

that as h��i is constant, the rate of chaotic stirring and dispersion is solely governed by
the dimensionless frequency f of braiding events.

5.2. Extension to 2D Random Walk Model

To develop more realistic models of pathline braiding, we extend the 2D pathline array
model to a 2D random walk model (Thi↵eault 2022) that consists of Np independent
random pathlines that move in the domain ⌦ : (x1, x2, x3) 2 [0,1) ⇥ [0, L] ⇥ [0, L]. As
shown in figure 13a, the pathlines are all initiated at random locations within the x1 = 0

12 Daniel R. Lester, Michael G. Trefry, Guy Metcalfe

(a) (b)

Figure 8. (a) Schematic of pathline braiding in 2D pathline model. (b) Corresponding pathlines
for Np = Nx ⇥ Nx = 10 ⇥ 10 2D array of pathlines. Helical pathline structures correspond to
clockwise and counter-clockwise braiding motions depicted in (a).

of random braiding flows). Under this 2D model the spatial variance in the x2 and x3

directions then evolve as

�2
x2
(t) = �2

x3
(t) = �2

0 +
2

d
`2

Nb

Np
= �2

0 + 2DT t, (4.3)

where d = 2 is the Euclidean dimension of the pathline array, and the factor of 2/d
arises as each braid event moves two of the Np pathlines by ±` in the x2 direction 1/d
of the time and the x3 direction in the other 1/d. Again Nb = Nphv1itbraid/�L, hence
the transverse dispersivity is related to the model parameters as

DT =
`2hv1i

d�L
. (4.4)

Upon comparison with (4.2), a general expression for the advective Péclet number in
d = 1 or d = 2 array models is then

PeT =
d

f
, d = 1, 2. (4.5)

For the 2D pathline model, determination of the sequence of braid generators (i.e. the
braid word b) from the sequence of braiding events is more complex. This is because
a single braid event involving the exchange of position of two pathlines involves the
crossing of these pathlines over many of the other pathlines in the array (depending upon
the projection angle used to characterise the crossings (Thi↵eault 2005)). To circumvent
this problem, for a given sequence of randomly chosen braid events we construct Np

pathline trajectories which fully resolve the clockwise and anti-clockwise motions of each
braiding event. The resultant braid word is computed from the trajectory data using the
databraid routine in braidlab. As the corresponding braid is not closed, the finite time
braiding exponent (FTBE) (Budǐsić & Thi↵eault 2015) - an analogue of the finite time
Lyapunov exponent (FTLE) - is used to quantify the degree of entanglement of pathlines,
which is defined as

FTBE =
1

tbraid
ln

|b `E |

|`E |
, (4.6)

where tbraid = �T Nb/Np is the time interval associated with the braiding motions en-
coded within b, and �T ⌘ �L/hv1i is the time between braiding events. Budǐsić &
Thi↵eault (2015) show that as the number of braiding events Nb grows, the FTBE con-
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(a) (b) (c)

Figure 10. (a) Schematic of 2D random walk pathline model depicting longitudinal propagation
and transverse braiding of pathlines. (b) Convergence of scaled FTBE (4.14) for the unconfined
(black dots) and confined (blue dots) 2D random walk models to the random braid entropy h��i
with the number Np of of pathlines and Nx1 = 103 random steps. (c) Convergence of scaled
FTBE (4.14) to the random braid entropy h��i with the number Np of of pathlines for di↵erent
values of `/L.

As these variances both grow linearly as 2DT t, the advective transverse dispersivity DT

is then

DT =
`2hv1i

d�L
. (4.13)

Figure 10 shows that as the number of pathlines Np and longitudinal increments Nx1 ⌘

x1/�L becomes large, the scaled FTBE also converges to the random braid entropy as

lim
Np!1

lim
Nx1!1

p
�L`

hv1i
FTBE = h��i, (4.14)

showing that braiding in the random walk pathline model is also governed by this uni-
versal constant. Squaring (4.14) and substitution of (4.13) yields

`2

hv1i2
FTBE2 = �2

1 = h��i
2 d

PeT
, (4.15)

which recovers the relationship (4.11) between Lyapunov exponent and transverse disper-
sivity. The persistence of (4.11) and the random braid entropy h��i suggests that these
diverse models all belong to the same universality class (Ódor 2004) associated with
random braiding flows. This shows that chaotic stirring and transverse dispersion are
intimately linked in random braiding flows because they are both driven by non-trivial
pathline braiding, and that the braiding dynamics are completely characterised by the
braiding frequency f . However, the class of random braiding flows is narrow as these only
involve single-scale random flows, and it is unclear to what extent these results extend
to multi-scale random flows.

5. Dispersion and Stirring in Random Braiding Flows

The results derived in §4 pertain to single-scale random braiding flows. An important
question is to what extent these results extend to multi-scale flows (i.e. with L > `).
Although an extensive examination of this question is beyond the scope of this paper,
Lester et al. (2025) examined this link for numerical simulation of a multi-scale steady
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Figure 10. (a) Schematic of 2D random walk pathline model depicting longitudinal propagation
and transverse braiding of pathlines. (b) Convergence of scaled FTBE (4.14) for the unconfined
(black dots) and confined (blue dots) 2D random walk models to the random braid entropy h��i
with the number Np of of pathlines and Nx1 = 103 random steps. (c) Convergence of scaled
FTBE (4.14) to the random braid entropy h��i with the number Np of of pathlines for di↵erent
values of `/L.

As these variances both grow linearly as 2DT t, the advective transverse dispersivity DT

is then

DT =
`2hv1i

d�L
. (4.13)

Figure 10 shows that as the number of pathlines Np and longitudinal increments Nx1 ⌘

x1/�L becomes large, the scaled FTBE also converges to the random braid entropy as

lim
Np!1

lim
Nx1!1

p
�L`

hv1i
FTBE = h��i, (4.14)

showing that braiding in the random walk pathline model is also governed by this uni-
versal constant. Squaring (4.14) and substitution of (4.13) yields

`2

hv1i2
FTBE2 = �2

1 = h��i
2 d

PeT
, (4.15)

which recovers the relationship (4.11) between Lyapunov exponent and transverse disper-
sivity. The persistence of (4.11) and the random braid entropy h��i suggests that these
diverse models all belong to the same universality class (Ódor 2004) associated with
random braiding flows. This shows that chaotic stirring and transverse dispersion are
intimately linked in random braiding flows because they are both driven by non-trivial
pathline braiding, and that the braiding dynamics are completely characterised by the
braiding frequency f . However, the class of random braiding flows is narrow as these only
involve single-scale random flows, and it is unclear to what extent these results extend
to multi-scale random flows.

5. Dispersion and Stirring in Random Braiding Flows

The results derived in §4 pertain to single-scale random braiding flows. An important
question is to what extent these results extend to multi-scale flows (i.e. with L > `).
Although an extensive examination of this question is beyond the scope of this paper,
Lester et al. (2025) examined this link for numerical simulation of a multi-scale steady
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Figure 1. (a) Isosurfaces of the typical normalised heterogeneous log-conductivity field f (x) = ln K (x)/σ 2
lnK

used to model isotropic k(x)I and anisotropic K (x) conductivity tensors and (b) associated potential field φ(x)
for anisotropic Darcy flow driven by a uniform mean potential gradient. Note coloured surfaces are isopotential
surfaces φ =const. Associated streamlines for heterogeneous Darcy flow with (c) isotropic conductivity field
(δ = 0 in (5.1)) and (d) anisotropic conductivity field (δ = 1 in (5.1)) with log-conductivity variance σ 2

lnK = 4
and parameters N = 4, Ni = 2 in (5.2).

the medium, they do not exhibit asymptotic transverse dispersion. In § 5.1 the transverse
dispersivity of this flow is numerically computed to be effectively zero.

These kinematic constraints persist even if the scalar field k(x) is statistically
anisotropic (i.e. has different correlation structures in different principal directions), as
the corresponding Darcy flow is still locally isotropic and H(x) = 0. We remark on the
application of these results to the so-called ‘helicity paradox’ (Cirpka et al. 2015) that
occurs when a statistically anisotropic but locally isotropic conductivity field is upscaled
from the Darcy scale to the block field scale, resulting in an anisotropic block-scale
conductivity field (Bear 1972). This spuriously adds degrees of freedom to the Lagrangian
kinematics and permits block-scale chaotic advection where none should exist based on the
fully resolved Darcy-scale flow. While beyond the scope of this paper, our results highlight
the need for upscaling methods that obey the appropriate kinematic constraints.

These results provide insights into the connection between transverse macro-dispersion
in steady Darcy flow and anisotropy of the hydraulic conductivity tensor K (x).
Unfortunately, the prevalence (or otherwise) of transverse macro-dispersion in field studies
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Impact of anisotropy

• We consider anisotropic heterogeneous Darcy flow in triply-periodic cube (3-torus):

• 3D periodic log-Gaussian random fields                       - two control parameters:

                       Heterogeneity:                             Anisotropy:

• Increasing anisotropy increases Lyapunov exponent and dispersion:

• Braiding theory gives excellent agreement:
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Figure 1. (a) Isosurfaces of the typical normalised heterogeneous log-conductivity field f (x) = ln K (x)/σ 2
lnK

used to model isotropic k(x)I and anisotropic K (x) conductivity tensors and (b) associated potential field φ(x)
for anisotropic Darcy flow driven by a uniform mean potential gradient. Note coloured surfaces are isopotential
surfaces φ =const. Associated streamlines for heterogeneous Darcy flow with (c) isotropic conductivity field
(δ = 0 in (5.1)) and (d) anisotropic conductivity field (δ = 1 in (5.1)) with log-conductivity variance σ 2

lnK = 4
and parameters N = 4, Ni = 2 in (5.2).

the medium, they do not exhibit asymptotic transverse dispersion. In § 5.1 the transverse
dispersivity of this flow is numerically computed to be effectively zero.

These kinematic constraints persist even if the scalar field k(x) is statistically
anisotropic (i.e. has different correlation structures in different principal directions), as
the corresponding Darcy flow is still locally isotropic and H(x) = 0. We remark on the
application of these results to the so-called ‘helicity paradox’ (Cirpka et al. 2015) that
occurs when a statistically anisotropic but locally isotropic conductivity field is upscaled
from the Darcy scale to the block field scale, resulting in an anisotropic block-scale
conductivity field (Bear 1972). This spuriously adds degrees of freedom to the Lagrangian
kinematics and permits block-scale chaotic advection where none should exist based on the
fully resolved Darcy-scale flow. While beyond the scope of this paper, our results highlight
the need for upscaling methods that obey the appropriate kinematic constraints.

These results provide insights into the connection between transverse macro-dispersion
in steady Darcy flow and anisotropy of the hydraulic conductivity tensor K (x).
Unfortunately, the prevalence (or otherwise) of transverse macro-dispersion in field studies
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Figure 1. (a) Isosurfaces of the typical normalised heterogeneous log-conductivity field f (x) = ln K (x)/σ 2
lnK

used to model isotropic k(x)I and anisotropic K (x) conductivity tensors and (b) associated potential field φ(x)
for anisotropic Darcy flow driven by a uniform mean potential gradient. Note coloured surfaces are isopotential
surfaces φ =const. Associated streamlines for heterogeneous Darcy flow with (c) isotropic conductivity field
(δ = 0 in (5.1)) and (d) anisotropic conductivity field (δ = 1 in (5.1)) with log-conductivity variance σ 2

lnK = 4
and parameters N = 4, Ni = 2 in (5.2).

the medium, they do not exhibit asymptotic transverse dispersion. In § 5.1 the transverse
dispersivity of this flow is numerically computed to be effectively zero.

These kinematic constraints persist even if the scalar field k(x) is statistically
anisotropic (i.e. has different correlation structures in different principal directions), as
the corresponding Darcy flow is still locally isotropic and H(x) = 0. We remark on the
application of these results to the so-called ‘helicity paradox’ (Cirpka et al. 2015) that
occurs when a statistically anisotropic but locally isotropic conductivity field is upscaled
from the Darcy scale to the block field scale, resulting in an anisotropic block-scale
conductivity field (Bear 1972). This spuriously adds degrees of freedom to the Lagrangian
kinematics and permits block-scale chaotic advection where none should exist based on the
fully resolved Darcy-scale flow. While beyond the scope of this paper, our results highlight
the need for upscaling methods that obey the appropriate kinematic constraints.

These results provide insights into the connection between transverse macro-dispersion
in steady Darcy flow and anisotropy of the hydraulic conductivity tensor K (x).
Unfortunately, the prevalence (or otherwise) of transverse macro-dispersion in field studies
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Figure 6. (a) Perturbation of δ = 0.1 streamlines (red) from δ = 0 (zero helicity) streamlines (green) and
associated ψ1 streamsurface (blue) for the conductivity field given in (5.1). Similar perturbation of δ = 0.1
streamlines away from the ψ2 streamsurfaces (not shown) also occurs. (b) Growth of mean absolute helicity
⟨|H|⟩ with δ, inset shows |H| fields for δ = 0.9, 1 (adapted from Lester et al. 2024). (c) Growth of transverse
dispersion coefficient DT /⟨v1⟩ℓ with δ from simulations (red points) and fitted exponential (5.7) (red curve).
(d) Growth of Lyapunov exponent λ∞ with perturbation parameter δ from simulations (black points) and fitted
exponential (5.8) (blue curve). Also shown (red dotted curve) is the dimensionless Lyapunov exponent λ∞
predicted from fitted exponential in (b) and (3.14). (c), (d) Adapted from (Lester et al. 2024).

yields excellent agreement with the measured Lyapunov exponent in (5.7). The different
proportionality between λ∞ and DT to (3.14) is expected as the domain Ω is finite and
so does not belong to a universality class (Ódor 2004). These results indicate that chaotic
advection is inherent to anisotropic heterogeneous Darcy flow. If the conjecture raised
in § 4.2 is true, this statement also holds for weakly anisotropic random heterogeneous
conductivity fields.

5.2. Onset of chaotic advection with medium heterogeneity
To examine the impact of medium heterogeneity upon anisotropic Darcy flow, we consider
flow generated by the anisotropic diagonal conductivity tensor K (x) in (2.4), where
the scalar conductivity fields Kii are generated in the same manner as k0, kδ but with
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Impact of heterogeneity

• Increasing heterogeneity imparts classical route to Hamiltonian chaos:

• Increasing heterogeneity increases Lyapunov exponent and dispersion:

• Efficient mixing in limit of strongly heterogeneous media:

Lester et al, J. Fluid Mech. (2025)
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Impacts on fluid-borne processes

• Significant impacts on fluid-borne processes, including:

1. Solute mixing - variance decays accelerates from algebraic to exponential:

2. Transverse solute dispersion - exponentially enhanced:

3. Longitudinal dispersion is retarded:

4. Trapping of colloidal particles

5. Chemical reactions and biological activity: accelerated reactions and kinetics of 

more complex reaction systems fundamentally altered

Lester et al, J. Fluid Mech. (2025)
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Fig. 5. Streamlines of the model flow at t = 0.4.

The vortex centers are assumed to move parallel to the x-axis
at a constant speed, satisfying

x1(t) = 1 + L [(t/Tc) mod1] , x2(t) = x1 (t � Tc/2) ,

y1(t) = �y2(t) ⌘ y0.

The shape of the shed vortices is controlled by the factor

gi (x, y, t) = exp
⇣
�R0

h
(x � xi (t))

2
+ ↵2(y � yi (t))

2
i⌘

,

where R
1/2
0 is the characteristic vortex size, and ↵ is an aspect

ratio parameter.
Finally, the last term in Eq. (21) represents the contribution

of the background flow of uniform velocity u0. The factor
s (x, t) is introduced in order to simulate the shielding of the
background flow just behind the cylinder; it is taken to be of the
form

s(x, y) = 1 � exp
⇣
�(x � 1)2/↵2

� y
2
⌘

.

As in Jung, Tél and Ziemniak [12], we choose a set of
parameters for which the model has been shown to approximate
the Navier–Stokes solution for this geometry with Re ⇡ 250.
More specifically, we set the nondimensional parameter values
↵ = 2, R0 = 0.35, L = 2, a = 1 and y0 = 2. For the
background flow velocity, we choose u0 = 14/Tc, while the
average strength of the vortices is taken to be w = 8 ⇥ 24/⇡

as in Benczik, Toroczkai and Tél [5]. As shown by Jung, Tél
and Ziemniak [12], the above set of parameters leads to a flow
period of Tc = 1.107. We show a representative snapshot of the
corresponding flow in Fig. 5.

7.2. Slow-manifold in the model flow

Here we show that the inertial equation (10) indeed gives
the correct asymptotic motion of finite-size particles in this
example. For particles, we choose bubbles with R = 1.55 and
✏ = 0.01. Gravity is ignored in the model (g = 0). First, we
solve the full four-dimensional Maxey–Riley equation (3) on
the time interval [0, 1.12] using a fourth-order Runge–Kutta
algorithm with absolute integration tolerance 10�7. We release
several bubbles with their initial spatial location taken from the
grey circle shown in Fig. 6. The initial velocities of all particles
were taken much larger in absolute value than the velocities
corresponding to the same initial location on the slow manifold.
In the same figure, we also show the projection of the four-
dimensional solution of (3) onto the x = (x, y) plane. Note that
all bubbles converge to the same attracting fluid trajectory.

Fig. 6. Simulated bubble motion in the full Maxey–Riley equations.

Fig. 7. Simulated bubble motion in the truncated inertial equation (12).

By contrast, Fig. 7 shows the dynamics on the slow
manifold M✏ . To generate this picture, we used the same
initial bubble locations on M✏ to solve the truncated inertial
equation (12) over the same time interval. Over an initial
period of exponentially fast decay to M✏ , the trajectories and
their projections on the slow manifold only show qualitative
similarities; the details of their geometries differ, especially
while they pass through a moving vortex behind the cylinder.
This is not surprising: even two very close initial positions on
the slow manifold will generate noticeably different trajectories
in regions with sensitive dependence on initial conditions.

In the present example, however, there exists a downstream
moving attractor on the slow manifold (cf. Fig. 7). This attractor
is a distinguished fluid trajectory that attracts all nearby
inertial trajectories and hence ultimately eliminates sensitive
dependence on initial conditions. Fig. 6 shows that solutions
of the full Maxey–Riley equation also cluster around this time-
varying attractor. By working on the slow manifold, we have
reduced the dimension of the particle tracking problem from
four to two, still reproducing the same asymptotic clustering
behavior seen in the full Maxey–Riley equation.

Both in Figs. 6 and 7, we use color to indicate the
instantaneous leading-order geometry of the slow manifold (6)
at time T = 1.2. Specifically, colors ranging from dark blue to
dark red indicate increasing values of |v| = |u(x, T )| , which is
a measure of the “height” of the slow manifold at leading order
in the (x, v) coordinate space.
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Conclusions

• Chaotic mixing is inherent to heterogeneous Darcy flow due to streamline braiding:

• Fundamental link between transverse dispersivity and Lyapunov exponent:

• Different mechanism to pore scale.flow, larger Péclet number, up to  Pe ~ 105

• Chaotic mixing arises even for weakly anisotropic and heterogeneous media

• Strong mixing for strongly heterogeneous media:

• Mixing significantly impacts many processes: solute mixing, dispersion, reactions, colloids, etc:

• Chaotic mixing dynamics must be accounted for to predict and understand flow and transport at the Darcy scale
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Figure 7. (Top row) Poincaré sections and (bottom row) FTLE fields with superposed Poincaré sections
(colours used to distinguish different streamlines) of steady 3-D anisotropic Darcy flow ranging from weakly
(σ 2

lnK = 2−4) to moderately (σ 2
lnK = 1) heterogeneous conductivity fields. Blue and red points respectively

denote elliptic (xE ) and hyperbolic (x H ) points. Note for more heterogeneous conductivity fields σ 2
lnK ! 2 (not

shown), the KAM islands shrink to infinitesimal size, indicating essentially globally chaotic dynamics.

Ni = 4. The heterogeneity of these fields Kii is varied from weakly (σ 2
lnK < 1) to strongly

(σ 2
lnK > 1) heterogeneous over the range of log variances σ 2

lnK = (2−10, 2−8, . . . , 2−2) ∪
(1/2, 1, 2, 3, 4). For each value of σ 2

lnK , a realisation of K (x) is generated and (5.4) is
solved, and streamlines, DT and λ∞ are computed in the same manner as described in
§ 5.1.

Figure 7 shows both contour plots of the FTLE λ(t, X) and Poincaré sections and
low-order (k = 1, 2, 3) periodic points for the cases σ 2

lnK = 2−4, 2−1, 1, where the log
variance σ 2

lnK acts as a control parameter that governs perturbation from the non-chaotic
(integrable) state corresponding to homogeneous anisotropic Darcy flow with σ 2

lnK = 0.
The FTLE field is computed using the LCS Tool package (Onu, Huhn & Haller 2015
for the analogous 2-D unsteady flow via the transform (3.6)), where the FTLE field is
computed over one period of the flow t ∈ [0, 1] as

λ(t; X) = 1
2t

lnσmax(t; X), (5.10)

for X ∈ x2 × x3 = [0, 1] × [0, 1] where σmax(t; X) is the largest eigenvalue of the Cauchy–
Green tensor C(t; X) ≡ F(t; X)⊤ · F(t; X). The Poincaré sections indicate that even
for very weak heterogeneity (σ 2

lnK = 2−4), the Lagrangian topology is rich, consisting
of a large number of elliptic and hyperbolic points, with a greater number density
than that suggested by the correlation length ℓ. For such weak heterogeneity, the
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Figure 1. (a) Isosurfaces of the typical normalised heterogeneous log-conductivity field f (x) = ln K (x)/σ 2
lnK

used to model isotropic k(x)I and anisotropic K (x) conductivity tensors and (b) associated potential field φ(x)
for anisotropic Darcy flow driven by a uniform mean potential gradient. Note coloured surfaces are isopotential
surfaces φ =const. Associated streamlines for heterogeneous Darcy flow with (c) isotropic conductivity field
(δ = 0 in (5.1)) and (d) anisotropic conductivity field (δ = 1 in (5.1)) with log-conductivity variance σ 2

lnK = 4
and parameters N = 4, Ni = 2 in (5.2).

the medium, they do not exhibit asymptotic transverse dispersion. In § 5.1 the transverse
dispersivity of this flow is numerically computed to be effectively zero.

These kinematic constraints persist even if the scalar field k(x) is statistically
anisotropic (i.e. has different correlation structures in different principal directions), as
the corresponding Darcy flow is still locally isotropic and H(x) = 0. We remark on the
application of these results to the so-called ‘helicity paradox’ (Cirpka et al. 2015) that
occurs when a statistically anisotropic but locally isotropic conductivity field is upscaled
from the Darcy scale to the block field scale, resulting in an anisotropic block-scale
conductivity field (Bear 1972). This spuriously adds degrees of freedom to the Lagrangian
kinematics and permits block-scale chaotic advection where none should exist based on the
fully resolved Darcy-scale flow. While beyond the scope of this paper, our results highlight
the need for upscaling methods that obey the appropriate kinematic constraints.

These results provide insights into the connection between transverse macro-dispersion
in steady Darcy flow and anisotropy of the hydraulic conductivity tensor K (x).
Unfortunately, the prevalence (or otherwise) of transverse macro-dispersion in field studies
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Thank you! Questions?


