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Slip flow is encountered, for instance

■ For non-wetting fluids

■ As an effective boundary conditions for flow over rough surfaces

■ In rarefied gas flow, when KNUDSEN effects become significant

■ Geological gas storage & extraction, sealing, composite manufacturing…

Rarefied gas flow characterised by the KNUDSEN number

Kn =
𝜆

ℓ

For Kn ≤ 𝒪 10−1 , the flow is in the slip regime

■ Flow modelled using NAVIER-STOKES equations with first-order slip boundary condition at the walls

■ 𝒪 Kn approximation to the BOLTZMANN equation
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Rarefied gas flow in the slip regime

Characteristic size (pore size)

Gas mean free path (∝ 𝟏/𝝆)
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Pore-scale microscopic flow model (slightly compressible, isothermal, creeping flow)

with

■ 𝐏 = 𝐈 − 𝒏𝒏 the tangential projection tensor (𝐏 = 𝐏T ≥ 0, 𝐏 = 𝐏 ⋅ 𝐏)

■ 𝜉 the accommodation coefficient of the gas at the walls

■ 𝜉𝜆 is identified as local slip length

■ For other slip mechanisms (non wetting flow, effective BC over rough surface): 

generally replaced by a slip length 𝑙.
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One-phase microscopic slip flow model

𝜕𝜌

𝜕𝑡
+ 𝛁 ⋅ 𝜌𝒗 = 0 in 𝒱𝛽 (1.1)

−𝛁𝑝 + 𝜇𝛁2𝒗 = 0 in 𝒱𝛽 (1.2)

𝜌 = 𝜑 𝑝 in 𝒱𝛽 (1.3)

𝒗 = −𝜉𝜆𝐏 ⋅ 𝒏 ⋅ 𝛁𝒗 + 𝛁𝒗T on 𝒜𝛽𝜎 (1.4)

📰 Lasseux et al., Phys. Fluids, 26, 053102 (2014)

Slip BC

𝒜𝛽𝜎
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Definition of averaging operators

After upscaling, considering slightly compressible flow (𝜌 ≈ 𝜌 𝛽, 𝜆 ≈ ҧ𝜆 ∝ Τ1 𝜌 𝛽), we obtain

It can be shown that 𝐊 is symmetric and positive definite.

4

Macroscopic flow model with slip

• 𝛽 =
1

𝑉𝛽
න

𝒱𝛽

• d𝑉 • =
1

𝑉
න

𝒱𝛽

• d𝑉 = 𝜀 • 𝛽

Porosity

𝜀
𝜕 𝜌 𝛽

𝜕𝑡
+ 𝛁 ⋅ 𝜌 𝛽 𝒗 = 0 (2.1)

𝒗 = −
𝐊

𝜇
⋅ 𝛁 𝑝 𝛽 (2.2)

𝜌 𝛽 = 𝜑 𝑝 𝛽 (2.3)

𝛁 ⋅ 𝐃 = 𝟎 in 𝒱𝛽 (3.1)

𝛁 ⋅ 𝐒 + 𝐈 = 𝟎 in 𝒱𝛽 (3.2)

𝐒 = −𝐈𝒅 + 𝛁𝐃 + 𝛁𝐃T12 in 𝒱𝛽 (3.3)

𝐃 = −𝜉 ҧ𝜆𝐏 ⋅ 𝒏 ⋅ 𝐒 on 𝒜𝛽𝜎 (3.4)

𝒅,𝐃 periodic, 𝒅 = 𝟎 (3.5)

𝐊 = 𝐃 (3.6)Apparent permeability tensor

Macroscopic model Unit cell closure problem

📰 Lasseux et al., J. Fluid Mech., 805, 118-146 (2016) ;    Lasseux et al., J. Fluid Mech., 923, A37 (2021)

Dependence on 𝜉 ҧ𝜆
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To isolate purely viscous effects from slip effects, power series in 𝜉 ҧ𝜆 are proposed as

Identification at the different orders leads to sequentially coupled, intrinsic, closure problems

5

Viscous and slip contributions

𝒅 =෍

𝑗=0

+∞

𝒅𝒋 𝜉 ҧ𝜆
𝑗

𝐃 =෍

𝑗=0

+∞

𝐃𝐣 𝜉 ҧ𝜆
𝑗

𝐊 =෍

𝑗=0

+∞

𝐊𝐣 𝜉 ҧ𝜆
𝑗
= 𝐊𝟎 + 𝜉 ҧ𝜆𝐊𝟏 + 𝜉 ҧ𝜆

2
𝐊𝟐 +⋯

𝛁 ⋅ 𝐃𝟎 = 𝟎 in 𝒱𝛽 (4.1)

𝛁 ⋅ 𝐒𝟎 + 𝐈 = 𝟎 in 𝒱𝛽 (4.2)

𝐒𝟎 = −𝐈𝒅𝟎 + 𝛁𝐃𝟎 + 𝛁𝐃𝟎
T12 in 𝒱𝛽 (4.3)

𝐃𝟎 = 𝟎 on 𝒜𝛽𝜎 (4.4)

𝒅𝟎, 𝐃𝟎 periodic, 𝒅𝟎 = 𝟎 (4.5)

𝐊𝟎 = 𝐃𝟎 (4.6)

𝛁 ⋅ 𝐃𝐣 = 𝟎 in 𝒱𝛽 (5.1)

𝛁 ⋅ 𝐒𝐣 = 𝟎 in 𝒱𝛽 (5.2)

𝐒𝐣 = −𝐈𝒅𝒋 + 𝛁𝐃𝐣 + 𝛁𝐃𝒋
T12 in 𝒱𝛽 (5.3)

𝐃𝐣 = −𝐏 ⋅ 𝒏 ⋅ 𝐒𝐣−𝟏 on 𝒜𝛽𝜎 (5.4)

𝒅𝒋, 𝐃𝐣 periodic, 𝒅𝒋 = 𝟎 (5.5)

𝐊𝐣 = 𝐃𝐣 (5.6)

For 𝑗 = 0 For 𝑗 ≥ 1

Coupling

Intrinsic permeability tensor (no-slip) 𝒋th order slip correction tensor
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Up to now, we have sequentially coupled intrinsic closure problems

■ To obtain the 𝑗th order correction: need to solve for 𝑗 + 1 problems

■ Potentially time consuming

■ Prone to propagation of numerical errors

👉Alternative expressions for 𝐊𝐣 are hoped for

Considering the following GREEN reciprocity formula

Letting 𝑝 = 0 and 𝑞 = 𝑗, we obtain

6

Alternative expressions of the correction tensors

න

𝒱𝛽

𝐃𝐩
T ⋅ 𝛁 ⋅ 𝐒𝐪 − 𝛁 ⋅ 𝐒𝐩

T
⋅ 𝐃𝐪 d𝑉 = න

𝒜𝛽𝜎

𝐃𝐩
T ⋅ 𝒏 ⋅ 𝐒𝐪 − 𝒏 ⋅ 𝐒𝐩

T
⋅ 𝐃𝐪 d𝐴

𝐊𝐣 = −
1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟎
T ⋅ 𝐃𝐣 d𝐴 =

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟎
T ⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒𝐣−𝟏 d𝐴 = −

1

𝑉
න

𝒜𝛽𝜎

𝐃𝟏
T ⋅ 𝒏 ⋅ 𝐒𝐣−𝟏 d𝐴

Using slip BC (5.4)

Using transpose of slip BC (5.4)

📰 Lasseux et al., Phys. Rev. Fluids, 8, 053401 (2023)
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For 𝑝, 𝑞 ≠ 0, the volume integral in GREEN’s formula is identically zero (𝐒𝐣 are solenoidal), giving

Using 𝑝 = 1 et 𝑞 = 𝑗 − 1, we obtain

Repeating the process recursively until 𝑝 = 𝑞 = 𝑗/2 , we finally obtain

7

Alternative expressions of the correction tensors

න

𝒜𝛽𝜎

𝐃𝐩
T ⋅ 𝒏 ⋅ 𝐒𝐪 d𝐴 = න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝐩
T
⋅ 𝐃𝐪 d𝐴

𝐊𝐣 = −
1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟎
T ⋅ 𝐃𝐣 d𝐴 = −

1

𝑉
න

𝒜𝛽𝜎

𝐃𝟏
T ⋅ 𝒏 ⋅ 𝐒𝐣−𝟏 d𝐴 = −

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟏
T ⋅ 𝐃𝐣−𝟏 d𝐴

𝐊𝐣 =

−
1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒 Τ𝒋 𝟐
T
⋅ 𝐃 Τ𝒋 𝟐 d𝐴

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒 Τ(𝒋−𝟏) 𝟐
T
⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒 Τ(𝒋−𝟏) 𝟐 d𝐴

𝑗 even

(6)

𝑗 odd
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This gives for the first few tensors 𝐊𝐣

Each closure problem now provides 2 slip correction tensors!

■ Computational expense divided by 2 to reach a given correction order

Specifically, KLINKENBERG’s correction (1st order truncation, 𝐊 ≈ 𝐊𝟎 + 𝜉 ҧ𝜆𝐊𝟏) can be obtained by solving 

the no-slip 0th order closure only!

8

Alternative expressions of the correction tensors

𝐊𝟎 =
1

𝑉
න

𝒱𝛽

𝐃𝟎 d𝑉 𝐊𝟏 =
1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟎
T ⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒𝟎 d𝐴

𝐊𝟐 = −
1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟏
T ⋅ 𝐃𝟏 d𝐴 𝐊𝟑 =

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟏
T ⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒𝟏 d𝐴

Requires only solution 

to 0th order closure

Requires only solution 

to 1st order closure

📰 Lasseux et al., Phys. Rev. Fluids, 8, 053401 (2023)
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We have the following equivalent expressions for 𝑗 ≥ 1

For the first few tensors, we have

Which proves that

■ All 𝐊𝐣 are symmetric

■ and form an alternate series for 𝑗 ≥ 1 (𝐊𝐣 ≤ 0 for 𝑗 even, 𝐊𝐣 ≥ 0 for 𝑗 odd)

9

Properties of the correction tensors

𝐊𝟎 = +
1

𝑉
න

𝒱𝛽

1

2
𝛁𝐃𝟎 + 𝛁𝐃𝟎

T12
T13

: 𝛁𝐃𝟎 + 𝛁𝐃𝟎
T12 d𝑉 𝐊𝟏 = +

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟎
T ⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒𝟎 d𝐴

𝐊𝟐 = −
1

𝑉
න

𝒱𝛽

1

2
𝛁𝐃𝟏 + 𝛁𝐃𝟏

T12
T13

: 𝛁𝐃𝟏 + 𝛁𝐃𝟏
T12 d𝑉 𝐊𝟑 = +

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒𝟏
T ⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒𝟏 d𝐴

𝐊𝐣 =

−
1

𝑉
න

𝒱𝛽

1

2
𝛁𝐃𝐣/𝟐 + 𝛁𝐃𝒋/𝟐

T12
T13

: 𝛁𝐃𝐣/𝟐 + 𝛁𝐃𝒋/𝟐
T12 d𝑉

1

𝑉
න

𝒜𝛽𝜎

𝒏 ⋅ 𝐒 Τ(𝒋−𝟏) 𝟐
T
⋅ 𝐏 ⋅ 𝒏 ⋅ 𝐒 Τ(𝒋−𝟏) 𝟐 d𝐴

𝑗 even

(7)

𝑗 odd Integrand of the form 𝐀𝐓 ⋅ 𝐀

Integrand of the form 𝐀𝐓𝟏𝟑: 𝐀
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Having the power series for 𝐊 at hand, we propose to construct the PADÉ approximant, ෩𝐊(𝟏,𝟏)

■ From the solutions of the first 2 closure problems only (providing 𝐊𝟎, 𝐊𝟏, 𝐊𝟐, 𝐊𝟑)

■ Same expansion as the power series up to order 2 in 𝜉 ҧ𝜆

■ Constant asymptotic behaviour as 𝜉 ҧ𝜆 → +∞ (perfect slip)

■ Better extrapolation properties than a polynomial

෩𝐊(𝟏,𝟏) is symmetric

10

PADÉ approximant

෩𝐊(𝟏,𝟏) = 𝐊𝟎 + 𝜉 ҧ𝜆 𝐊𝟏 − 𝐊𝟎 ⋅ 𝐊𝟏
−1 ⋅ 𝐊𝟐 ⋅ 𝐈 − 𝜉 ҧ𝜆𝐊𝟏

−1 ⋅ 𝐊𝟐
−1

“Numerator” “Denominator”

📰 Lasseux et al., J. Fluid Mech. 997, A65 (2024)
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Consider the bundle of cylinders

11

Numerical example

Τ
𝐾

ℓ
2

𝜉Kn

1st order (KLINKENBERG)

2nd order

3rd order

4th order

5th order

PADÉ

Apparent (“true”)

𝜀 = 0.8,    Kn =
ഥ𝜆

ℓ𝛽
,    ℓ𝛽 =

12𝐾0

𝜀
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After upscaling, we obtain the macroscopic 2D REYNOLDS equation

With

We are able to obtain

12

Case of a rough fracture

2D porosity

𝛁 ⋅ 𝐅 = 𝟎 in 𝒜𝛽 (9.1)

𝐅 = ത𝑘 𝐈 + 𝛁𝒃 in 𝒜𝛽 (9.2)

ത𝑘 = 𝑘0 + 6𝜉 ҧ𝜆𝑘1 in 𝒜𝛽 (9.3)

𝒏 ⋅ 𝐅 = 𝟎 on 𝒞𝛽𝜎 (9.4)

𝒃 periodic, 𝒃 = 𝟎 (9.5)

𝐊 = 𝐅 (9.6)Apparent transmissivity tensor

Macroscopic model Unit cell closure problem

𝜀𝛽 ℎ
𝜕 𝜌 𝛽

𝜕𝑡
+ 𝛁 ⋅ 𝒒 = 0 (8.1)

𝒒 = − 𝜌 𝛽
𝐊

𝜇
⋅ 𝛁 𝑝 𝛽 (8.2)

𝜌 𝛽 = 𝜑 𝜌 𝛽 (8.3)

𝐊𝟎 = 𝑘0 𝐈 + 𝛁𝒃𝟎
T ⋅ 𝐈 + 𝛁𝒃𝟎 𝐊𝟏 = 𝑘1 𝐈 + 𝛁𝒃𝟎

T ⋅ 𝐈 + 𝛁𝒃𝟎

𝐊𝐣 = ቐ
− 𝑘0𝛁𝒃 Τ𝒋 𝟐

T ⋅ 𝛁𝒃 Τ𝒋 𝟐 , 𝑗 even

𝑘1𝛁𝒃 Τ(𝒋−𝟏) 𝟐
T ⋅ 𝛁𝒃 Τ(𝒋−𝟏) 𝟐 , 𝑗 odd

, 𝑗 ≥ 2

𝒃 = 𝒃𝟎 + 6𝜉 ҧ𝜆𝒃𝟏 + 6𝜉 ҧ𝜆
2
𝒃𝟐 +⋯ 𝐊 = 𝐊𝟎 + 6𝜉 ҧ𝜆𝐊𝟏 + 6𝜉 ҧ𝜆

2
𝐊𝟐 +⋯

📰 Zaouter et al., J. Fluid Mech., 969, A9 (2023)
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■ Each closure problem gives access to 2 slip correction tensors

■ Solving the first 𝑛 closure problems provide 2𝑛 permeability and slip correction tensors 

(𝐊𝟎, 𝐊𝟏, ⋯ , 𝐊𝟐𝐧−𝟏)

■ KLINKENBERG’s model can be obtained from the intrinsic no-slip 0th order closure problem only!

■ All tensors are symmetric and alternatively positive and negative definite, forming an alternate series

■ PADÉ approximant can be built upon the power series to better capture the dependence of 𝐊 with 𝜉Kn

13

Conclusion
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