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Contribution of this work

Extend the application of a posteriori error estimates for more complex problems

Motivation: Ensuring long-term storage of Goals
the injected COy — expensive numerical
simulations o Quantify the relative error using fully

computable a posteriori error estimates
[Vohralik and Yousef2025; Di Pietro
et al.2014]

o Quantify the contribution of each
relative error component (space, time,
and linearization)

o Improve the computational efficiency of
the Geoxim code by introducing
adaptive stopping criteria based on a
posteriori error estimates for both
Newton and time loops

CO; storage sites
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@ Context
0 The multiphase flow model and its approximation
o A posteriori error estimates based on equilibrated fluxes

@ Numerical results for SPE11
0 Description of the SPE11 benchmark: 11th SPE Comparative Solution project (CSP)
o Quantification of the error simulations
o Adaptive iterative approximation

@ Current work



The mathematical model

o Unsteady nonlinear coupled degenerate advection-diffusion- reaction problem

o Unkonwns of the system X := (P, (Sp)pep s (Cre)pep cec)

Coats model [Coats1989]

Set of PDEs for each component ¢ € C System of algebraic egs.
> 5=t
8t Z ¢CpSpCp,(: + V. Z VpCp,(:Up = {gc pEP
PEP: PEP:

Y Cpe=1,VpeP
le 0. ceCyp

vy = —K(VP, + ppgV2)

Pey=P— P, + equilibrium eq.

‘ Vp = Cpkrp/pip ‘

o Thermal effects, dispersive fluxes & chemical reactions are not included
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The discrete equations

Approximations
o Spatial < Finite Volume scheme
o Temporal — Backward Euler scheme
o System of nonlinear algebraic equations < Newton’ algorithm
o System of linear algebraic equations < Iterative solvers

Difficulties (among others)
o Newton slow convergence or divergence or unstability
o Nonlinear Pc, & kr, < nonlinear flux
o Discontinuous K < discontinuious flux function
o For immobile phases (kr, — 0) — V - (KVP,) becomes degenerate elliptic
o Gravitational forces lead to the presence of kinks (discontinuities in the flux first-order
derivative) < non-differentiable numerical flux

o Small time steps (heuristic timestep control techniques!)
o nonconvergence of Newton solver if the timestep is large — Newton scheme is restarted
with a smaller time step
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Error control and adaptivity

o Unknown exact solution < a posteriori error estimates based on equilibrated fluxes
o Error control
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A posteriori error estimates

Error control and adaptivity

o Unknown exact solution < a posteriori error estimates based on equilibrated fluxes

o Error control
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o Distinguishing error components
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A posteriori error estimates

Error control and adaptivity

o Unknown exact solution < a posteriori error estimates based on equilibrated fluxes
o Error control
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o Distinguishing error components
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o Component temporal error estimate on cell K, for component ¢ € C

n,k 2 o
ntm,c,K —

Advantage — easy coding, fast evaluation, use in practical simulations

2 T o
n,k n—1 _ n,k n,k
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Description of the SPE11 benchemark

International exercise [2023-2025] proposed by [Nordbotten et al.2024]

| Two-phase two-component miscible flow |

Pure water in the reservoir (aquifer) and pure
COg injection

Synthetic cases representative of a geological
structure in Norway

The 11B version of the benchmark: Permeability
2D field scale model without thermal effects N —

Heterogeneous medium, two injection wells _
Simulation timeline

Injection period

Initialization N
/—/%
R
L 1 1 1 1 1 1 1 1
—1000 0 25 50 1000 years
eeeesss—— well 1
I vell 2
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Gas saturation, COy Molar fraction in water, CO5 Spatial estimate

saturation gas
23e01 03 04 05 06 07 08 88001
| | |

(=)o)

Molar Fraction CO2w
0.0e+00 0.005 0.01 0.015 002 2.6e-02
|

(=Joe(+)

Spatial Error Estimate CO2
1.0e-08 le-7 le-6 le-5 0.0001 0.001 0.01 0.1 1 3.6e+00
1 R 1 1 o A V11 B Y RV

(=Jee(+)
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Total estimates

How large the simulation error is?
107t ]
1"’j q Mesh size 840 x 120
1274: fr— Spatial 9%
10 f Temporal 0.02%
jgi TEJ;E Linearization 0.001%
0 2 4 6
Time 1010

Resolution time

Estimators evaluation

Standard resolution

4664, 48s 525.9s (11%)
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Behavior of the a posteriori
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o Mesh size = 840 x 120

Time

o Newton tolerance

o Linear solver tolerance =
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Algorithm 1 Adaptive stopping criteria for the time and Newton loops

while k& < kyax do
if | 0}, < Min iy~ | then

Break Newton loop
end if
end while

© Min, Yem € (0, 1)
o In what follows: v, = 0.001 & v = 0.05



Adaptivity

Algorithm 2 Adaptive stopping criteria for the time and Newton loops

while t" < tp do
while k < Emax do

n,k
Min < Vin

Break Newton loop
end if
end while

. v,k v, ke
if | n" < vem niy | then

P

n,k

. LR & .
else if [ 70" > 0" > ytm nyy" | then

7t "/ F
else
ROy
end if
n<+<n+1
end while

9 Vins Vtm S (07 1)
o In what follows: v, = 0.001 & ¢ = 0.05
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Do we reduce the computational cost?

é 5,000 || —— Standard resolution N 2,000 H —— Standard resolution B
= Adaptive resolution 3 Adaptive resolution
z 4,000 |- B 2
£ 7 = 1,500 |- a
[}
o g
g 3,000 |- B &
g F 1,000 y
% 2000 . £
2 1000| | Z 500 //; 1
= =}
g S _—
=] 0 | - O |- -
O | | | | | | | |
0 2 4 6 0 2 4 6
Time .1010 Time .1010
Resolution time Estimators evaluation Gain
Standard resolution 4664, 48s 525.9s
Adaptive resolution | 3413, 3s (gain 26,8%) 345.6s 16%
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Do we impact the overall simulation accuracy?

10! E —— Standard resolution H ) —+— Standard resolution
b Adaptive resolution i 107 E Adaptive resolution f
© - i ] 2 i ]
g l 2 -3 i
% 102t | & 107 ]
2 f 1 = t 1
£ ] g I ]
S : ] g
@n \ 3 104 E E
ol \ : i 1
E | | I E| I

0 2 4 6 6
Time 1010 1010
—— Standard resolution E —+— Standard resolution | |
° Adaptive resolution 1 Adaptive resolution
2 1
£ 1070 E 6F 1
2 1 P 1
£ S
] 2 1
a ]
1077 ¢ E 0 o ,
Il Il Il Il N Il Il Il Il
0 2 4 6 0 2 4 6
Time 1010 Time .10%0
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Current work
Regularization & Adaptivity

Outlook: Address Newton nonconvergence issues by introducing regularization strategies
for stiff nonlinear laws J
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