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Hydro-Mechanical Governing Equations
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Linear System
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FVM Staggered Discretization
: Pressure CV
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The Multiscale Framework
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The Multiscale Framework

Coarse Scale

Generate coarse grid for
displacement (Primal)
& pressure (Dual) independently,

Set boundary conditions and material
properties,

Assemble Prolongation P &
Restriction R from locally
computed basis functions,

Solve coarse system,
x. = (RK/P) 'RF

Reconstruct fine-scale
xr =~ Px,
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Fine Scale

Define fine-scale mesh,

Discretize using FV & FE on
staggered or nodal grid,

Basis Function construction,
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Numerical Simulation Results

1D Terzaghi Benchmark
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Young modulus (E) 10% Pa
Poisson’s ratio (v) 0.2
Biot's Modulus (Q) 10100 py
Rock permeability (K) 1077 m?
Fluid viscosity (uf) 103 Pa-s
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Numerical Simulation Results
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Numerical Simulation Results
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Numerical Simulation Results

voc Terzaghi Test Case - Displacement (g,)
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Numerical Simulation Results
2D Mandel Benchmark

F
F SRR R
“ l J— — J —— i _/—’—_\—‘ gfféff.g/féffﬁ' Uy =1u

A A A A LA A A a F/
57878 g | ®_o_ _14 .
') | on < “ o =0
| Uu. = [] E f 431
| | x — ;4 —> ” 'E
I | L {;
| h 0
R (I _| f.-ffff///fff/fﬁ
I
" I m
L4
ap
/) an 0
u, =0
9’/!2/!9/!!9/1’{9//{9’//2 y

2a

5
TU Delft

Property

Value

Young’s modulus (F)
Poisson’s ratio (v )
Biot’s cocflicient (b)
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Fluid viscosity (jiy)
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Numerical Simulation Results
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Numerical Simulation Results
Mandel Test Case — Displacement (gy,)
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Outlet

Numerical Simulation Results - No Flow
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Numerical Simulation Results

MS: Coarsening ratio of 5
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MSFE, FS-FV, and MSFV schemes, (b) corresponding 3D pressure surface, and (c) pressure profile along the diagonal

(; line connecting the injection and production wells. The MS simulations use a coarsening ratio of 5 x 5 . Pressure along
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Numerical Simulation Results

0.20 |

018

0.16

0.14}
0.12}
50001
0.08
0.06
0.04

0.02

0.00

]
TUDelft

30

45

16



Conclusions

¢ Both the MSFV and MSFE formulations accurately reproduce fine-scale reference solutions across all benchmark
tests, demonstrating the robustness of the unified multiscale framework.

¢ The FV formulation on a staggered grid guarantees local mass and stress conservation and remains stable even
under high coarsening ratios. The FE formulation provides smooth displacement fields thanks to its continuous

interpolation.

¢ The hybrid combination, using finite elements for displacement and finite volumes for pressure, offers the best
overall balance: lowest errors, good conservation, and competitive computational cost.

¢ For anisotropic heterogeneous flow problems, the FV-based multiscale is more robust to varying permeability
orientations.
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