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Multiscale problems 
• Scales, complex heterogeneities, high contrast (H vs. 

contrast), e.g., 
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e.g., −div(k(x)∇u)=f.

• Fine-grid (grid that resolves fine-scale features) simulations 
are not practical.

• Coarse grid does not resolve the physical scales 
• Coarse grid does not resolve the contrast (w.r.t. to H)

𝑘 = 1

𝑘 = 10^7



Multiscale vs multicontinuum
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Consider	∇ ⋅ 𝜅 𝑥 ∇𝑢 = 𝑓 𝑥 .

Multiscale	methods: Seek	u = ∑! 𝑢!
"𝜙!

"	
𝜙!
"are	basis	for	macroscopic	location	𝑗, 𝑖	is	basis	number.		

																Result:	Discretization	“A	u	=b”
																Goal:	To	solve	the	equation	on	a	coarse	grid.

Multicontinuum	method: Seek	u = ∑!𝜙!𝑈! + 𝜙!#∇#𝑈! .	
. 	 𝜙! 	are	local	cell	problems	for	continua	𝑖.		
							Result:	Macroscopic	PDE	∇ 𝛼!"∇𝑈" + 𝛽!"∇𝑈" + 𝛾!"𝑈" = 𝑔!
							Goal:	To	derive	macroscopic	models	(PDEs).

Goal	of	this	talk	is	to	derive	macroscopic	models	for	two-
phase	flow	and	transport

Support of basis
•
•



Constraint Energy Minimizing GMsFEM*.GMsFEM
identifying multicontinua. 
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• Efendiev, Galvis, Efendiev, MMS 2009, JCP 2010 
• Chung, Efendiev, Leung, 2017; 

• The idea is to construct a local space that “solution operator doesn’t see”.

𝜙!
$'𝜒" 	− GMsFEM	basis

𝜔"



Oversampled constraint problems
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Convergence of CEM-GMsFEM
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Numerical results
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*Chung, Efendiev, Leung, CEM-GMsFEM,  2017

Can be used (1) Online methods/solvers (2) temporal 
splitting… 



Multicontinua GMsFEM method.
Motivation.
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𝑢 =`
!

𝜙!
"𝑢!

". 	 𝜙!
"−basis	for	coarse	location	𝑗

𝜙!
" = 𝐺!

"𝜒", where	𝐺!
"	are	local	eigenvectors,	and	

𝜒"	-	MsFEM	basis	functions

𝜒"= 𝜙%
" + 𝑍!

" ⋅ ∇𝜙%
", where	𝜙%

" − standard	“hat”	basis

𝜙!
" = 𝐺!

"𝜙" = 𝐺!
"𝜙%

" + (𝐺!
"𝑍!

") ⋅ ∇𝜙%
" = 𝑁!𝜙%

" +𝑀! ⋅ ∇𝜙%
"

𝐺!
" ≈ 𝑁!	(independent	of	𝑗)

are	smoothly	varying	if	properly	indexed	



Multicontinua GMsFEM method
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• Define	𝜓!, 𝜓! = 1	in	continua	𝑖	and	0	otherwise

• Solve	the	extended-local	problems	𝑁!, 𝑠𝑢𝑐ℎ	𝑡ℎ𝑎𝑡

	𝐿 𝑁! = 𝑔!, q
&
𝑁!𝜓" = 𝛿!"q

&
𝜓"

𝑅$'

𝑅$(

K=high

𝐾



Multicontinua GMsFEM method
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• Define	𝜓!, 𝜓! = 1	in	continua	𝑖	and	0	otherwise

• Construct	multiscale	basis	functions	𝜙!
"𝑎𝑠	

𝜙!
" = 𝑁!𝜙%

" + ”𝑀! ⋅ ∇𝜙%
"”,	where	𝜙!

"solves	local	problems	and	
𝑀!	vanishes	on	the	boundary	of	coarse	cells

• Then,	𝑢) =
∑!,"𝜙!

"𝑢!
" = ∑!𝑁!(∑"𝜙%

"𝑢!
") + 𝑀!(∑"𝜙%

"𝑢!
") =∑!𝑁!𝑈! +𝑀! ⋅ ∇𝑈!

𝑈! =`
"

𝑢!
"𝜙%

" 	− smooth	function	w. r. t. 𝑥



Elliptic equation
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Numerical result
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Two-phase flow
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• Two-phase flow at pore scale
          -∇𝑝 + ∇ ⋅ 𝜇 𝜙 ∇𝑢 = 𝑓 + ∇𝜙,	

∇ ⋅ 𝑢 = 0, 𝜙+ + 𝑢 ⋅ ∇𝜙 = Δ𝜇(𝜙)
𝜙 = 1	(𝑤𝑎𝑡𝑒𝑟), 𝜙 = 0	(𝑜𝑖𝑙)

Darcy scale

𝐶! 𝑥! 	
𝐶#(𝑥!)
𝑉!(𝑥!)
𝑉#(𝑥!)
𝑃!(𝑥!)
𝑃#(𝑥!)

We	define	the	continua	based	on	𝜙, 𝑖. 𝑒. ,	
𝜓' = 1 − 𝜙,𝜓( = 𝜙.



Multicontinuum two-phase flow
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One	pressure	continua	and	2	velocity	continua
𝜙!
" = 𝑁!𝜙%

" +𝑀! ⋅ ∇𝜙%
" 	− 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	𝑏𝑎𝑠𝑖𝑠

Variational formulation



Multicontinuum model
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For	concentration,we	use	𝑐 = 𝑁!2𝐶!

(𝐶!)+ + ∇ ⋅ 𝜉!"𝐶" = 0 → 𝐶! + + ∇ ⋅ 𝜉!"𝑉" = ⋯

If v = 𝑁!3𝑉!, then	𝛼!"𝑉4 + 𝜌"∇𝑝% = 0, 𝑑𝑖𝑣 𝜁!"𝑉! = 0	

Variational macroscopic formulation

Strong-form macroscopic formulation



Two-Phase Flow Simulations



Numerical results
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Numerical results
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“Brinkman” or Darcy
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*Accuracy	of	proposed	macroscopic	model	can	be	improved
                  by adding continua 
* These results show that new model (Brinkman-type) are more 
accurate  



Conclusions

• MC-GMsFEM provides accurate upscaling and macroscopic 
modeling for two-phase flow

• Continua for velocity defined based on concentrations can be 
improved

• Effective for various multicontinuum applications



Thank You !
Congratulations Prof. Jun Yao!
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