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Multiscale problems

* Scales, complex heterogeneities, high contrast (H vs.
contrast), e.g.,

o

£., —div(k(x)Vu)=f.
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* Fine-grid (grid that resolves fine-scale features) simulations
are not practical.

« Coarse grid does not resolve the physical scales
 (Coarse grid does not resolve the contrast (w.r.t. to H) >



Multiscale vs multicontinuum

Multiscale methods: Seek u = };; u{cpij

¢ are basis for macroscopic location j, i is basis number.
Result: Discretization “A u =b”
Goal: To solve the equation on a coarse grid.

Multicontinuum method: Seeku = }; ¢;U; + ¢]"V,,,U; .

¢; are local cell problems for continua i.
Result: Macroscopic PDE V(aijVUj) + BiiVU; +v;iU; = gi
Goal: To derive macroscopic models (PDEs).

Goal of this talk is to derive macroscopic models for two-
phase flow and transport



Constraint Energy Minimizing GMsFEM*.GMsFEM
identifying multicontinua.

« The idea is to construct a local space that “solution operator doesn’t see”.

For each coarse element K, we define the local spectral problem by

ak(¢p, w) = Ask (o, w)

where

ar(, w) = /K K-V,  sk(dw) = /K Row

and kK = k Y_ |Vx;|?, where we define {x;} as partition of unity functions with

respect to the coarse grid. (,()]

We take the first Ik eigenfunctions with small eigenvalues, we define the auxiliary
space as

VI = span{g{) : 1 <i<Ik} and Vi = @k VI

aux

It identifies number of high contrast channelized networks in a cell. I

¢’ x; — GMSFEM basis o

« Efendiev, Galvis, Efendiev, MMS 2009, JCP 2010

« Chung, Efendiev, Leung, 2017;




Oversampled constraint problems

We construct the multiscale basis functions. For a given gbe) and an oversampled
region Kt O K

min¢€H&(K+) / l‘&lV’(Mz
K+
subject to the constraints
s)(¢,0) =0, Vope V), VICK', J#K
5K(¢7 ¢ ) 561

Solving the above, we obtain the multlscale basis functions {¢
} for all K.

: ms} The multiscale

space Vy is the span of all these {¢

I1,ms




Convergence of CEM-GMsFEM

The scheme: find uy € Vy such that
a(uy,v)=(f,v), VveVy
We prove the convergence bound:
lu—unllv < HA"2||f|],  provided k = O(log(kc/H))

where k is the number of oversampling layers, and

(K)

A= m,}n )\,K+1




Numerical results

o Layer \ Contrast | le+4 | le+6 | le+8 | le+10
3 3.73% | 3.80% | 11.99% | 65.10%
4 3.72% | 3.72% | 3.73% | 5.14%
= 5 3.72% | 3.72% | 3.73% | 3.72%

Number basis per K ¥ oversa,mpling coarse layers Loerror | energy error
3 1/10 0.33% 3.73%
3 1/20 | 4 (log(1/20)/log(1/10)*3 3.9031) | 0.047% 1.17%
3 1/40 | 5 (log(1/40)/log(1/10)*3=4.8062) | 0.010% 0.47%
3 1/80 | 6 (log(1/40)/log(1/10)*3=>5.7093) | 0.0015% 0.15%

Can be used (1) Online methods/solvers (2) temporal
splitting...

*Chung, Efendiev, Leung, CEM-GMsFEM, 2017 8




Multicontinua GMsFEM method.
Motivation.

U= z qbi]u{. d)ij —basis for coarse location j
i

qbl-j = Gij )(j ,where Gij are local eigenvectors, and
)(j - MsFEM basis functions

¥ = qbg + Zl-j - Vc/bé,where d)é — standard “hat” basis

¢! =Glp) =Gl p) + (Gl Z]) -Vl = N + M; - V]

Gij ~ N; (independent of j)
are smoothly varying if properly indexed



Multicontinua GMsFEM method

* Define 1;,9¥; = 1 in continua i and 0 otherwise

* Solve the extended-local problems N;, such that

L(N;) = g, fKNﬂ/Jj = 0j le/Jj

10



Multicontinua GMsFEM method

* Define 1;,9¥; = 1 in continua i and 0 otherwise

* Construct multiscale basis functions c,bi] as

qbl-j = Nl-qb({ + "M; - chg , where qbij solves local problems and
M; vanishes on the boundary of coarse cells

 Then,uy =
Yijolul =X Ni (X pgui) + Mi(X; pgul) =X NiU; + M; - VU;
U; = z u{cbg — smooth function w.r. t. x

J
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Elliptic equation

a(umg,vy) = /Q kVuyg - Vog, fog) = /Q fug.

e =ZN2-UZ-+ZMZ--VUZ-, vy :ZNMJFZMJ. .VV;.
1 1 J J

a(ug,vy) = ZZ/ n[(VNZ- . VN,)U;V; + (VN; - B;)U;VV;

K 7.9

+(B;VU; - VN,)V; + (B;VU;) - (B;VV;)],

/(az’jUiVjJrﬂz'jUz'VVjJr%jVUz'VjJFOz'jVUi'VV}):/ (F3V; +G; - VVj).
Q Q

ajz'Uz' - V- (oszUz) — V- (,BJZUz) + ’sz' . VU?, = Fj — V- Gj.

12




Numerical result

Heterogeneous 1 Heterogeneous 2 Perforated 1 Perforated 2

Microstructure

0.00 0.00126 0.00 0.000724 0.00 0.000264 0.00 0.000255

Microstructure e, €s
Heterogeneous 1 7.67 % 6.23 %
Heterogeneous 2 6.11 % 15.24 %

Perforated 1 519 % 7.31 %
Perforated 2 3.50 % 2.95%
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Two-phase flow

« Two-phase flow at pore scale
Vp + V- (u(p)Vu) = f + Vo,

V-u=0,¢: +tu-Vo = Au(ep)
¢ =1 (water),p = 0 (oil)

We define the continua based on ¢, i.e.,

Y1=1-¢,¥, = ¢.

C1(x1)
C2(x1)

1V1(x1)

Vo (x1)

Py (x1)

P, (x1)
14



Multicontinuum two-phase flow
One pressure continua and 2 velocity continua
qbiJ = Nicpé + M; - ché — velocity basis

v(z) = Ni(z)Vi(z) + Mi(z) - VVi(z),
Variational formulation

/ 2ue(v) :5(w)d:1:+/ Bz ds—/ po(z) V-wdz = frwdz

Qs i3 Qf Qf o
/ 2ue (N;V; + M; - VV;) : e (N,W; + M; - VW;) dx

Qf
+/ ﬂ (Nz‘/z = Mz : VV;)T . (Njo + Mj % VWJ')T dS

s
a Vpo(a:) (NJWJ+MJ VWj)da?: f (NJW]+MJ VWJ)dZC
Qj

Qf

15



Multicontinuum model

Variational macroscopic formulation

/ ai; ViW; d$+/ Vi VVi W dw+/ v Vi VIV dm+/ 0:;VV; - VW, dx
Qs Qf Qy Q

f

—/ ijpo(m)Wjda::/ n;W; dx + ¢j- VW, dx.
Qj

Qyf Qf

Strong-form macroscopic formulation

aiiVi =V - (05;VVi) + 75 VVi + v;;VVi+ pjVpo = 0 — V - {;

If v = NivVi,thel’l aijVi + p]VpO = 0, dw(CUVl) =0

For concentration, we use ¢ = Nl-CCi

(Ce+ V- (§iC) =0 (Ce + V- (&) =

16



Two-Phase Flow Simulations
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Numerical results

Multicontinuum velocities Multicontinuum concentrations
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Numerical results

Table 5: Relative errors of multicontinuum velocities at the final time for

Test B.

Velocity error e%j) e%}) e §/2)

|vrehwe _yrebng ), /| yreheg |, o« 100%  9.10 % 0.00 %
|Vime — yrebng |, /|| vrebg |, « 100%  11.65 % 3.51 %

|[Vme — VXEWE |, /| VIEYE |, x 100% 752 %  3.51 %

Velocity error for ganglia e%ﬁ) eg) e&f) es)

[Vme — VIOVE o /|| VIO YE ||, x 100%  3.06 % 18.18 % 14.77 %

Table 6: Relative errors of multicontinuum concentrations at the final time

for Test B.

Concentration error e(ci,) eg) 6(02)

|[Cme(vretng) — Cret]|, /[ Cret]|2 x 100% 458 % 3.85%
[CPe(Vretwe) — Crefll2 /|| Cef |2 x 100% 499 % 3.85%
|Ce (V) — CFE||2 /|| CFet |2 x 100% 534 % 5.29 %
||C,me(vref,wg) _ Cimc(vref,ng)”2/I|anc(vref,ng)”2 % 100% 2.07 % 0.00 %
|Cre(Vme) — Cme(Vrebng) ||, /|| CRo(Vrebne)||, x 100% 242 %  1.77 %
|Cme(yme) — ome(yrefiwe)||y/||Cme(Vehve) ||, x 100% 241 %  1.77 %
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“Brinkman” or Darcy

Table 17: Relative L? errors of multicontinuum velocities obtained with and
without gradient terms.

Multicontinuum basis functions 68) eg) eg’) egﬁ
Nz-qb% + M; - qu% 8.04% 235% 1653 % 3.7 %
Nigb% 1892 % 4.32% 96.13 % 21.62 %

*Accuracy of proposed macroscopic model can be improved

by adding continua
* These results show that new model (Brinkman-type) are more
accurate

20



Conclusions

MC-GMsFEM provides accurate upscaling and macroscopic
modeling for two-phase flow

Continua for velocity defined based on concentrations can be
improved

Effective for various multicontinuum applications



Thank You !
Congratulations Prof. Jun Yao!



