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Fracture characteristics

• aspect ratio: ratio of fracture length to fracture width rf = l/δ

• investigation of fractures with ratios rf ≫ 105

• transmissivity & storativity
• fractures embedded in matrix: hydro-mechanical coupling (inverse pressure response)
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Fracture characteristics - typical borehole configuration

pumping operations involving an
injection borehole and a moni-
toring borehole, both penetrat-
ing a jointed aquifer (Figure 1)
(for well configuration of the field
experiment, see Renner and Mes-
sar [2006]). An inverse response
in monitoring pressure was
observed upon every change in
boundary condition in the injec-
tion well [see also Slack et al.,
2013]. Just after injection was
started, a sudden pressure drop
was measured in the monitoring
borehole, before the pressure
started to increase due to pres-
sure diffusion (Figure 2). Quasi-
instantaneous pressure variations

were also observed when pumping was stopped or just after production was started. This inverse response
is clearly related to some physical mechanism other than diffusion. We use these critical observations to
test the modeling approaches detailed in the following.

2.2. Basic Concepts
2.2.1. Fracture Geometry and Deformation
The interpretation of field data recorded during fluid injection or production is crucial for unraveling and
understanding the conduit structure in the rock surrounding a borehole. However, a model-free analysis of
recorded pressure transients is not possible. In contrast, basic characteristics of conduits, e.g., type, number,
and orientation, typically have to be specified a priori and can only be aimed for quantitatively constraining
details of their properties. As a consequence, the configuration and number of existing hydraulically active
fractures cannot be exactly retrieved from pressure-transient analyses but only equivalent systems can be
identified (Figure 1). In the light of this ambiguity, we consider a simple system consisting of a single hori-
zontal fracture since the main purpose of this study is to investigate basic effects. Furthermore, it is
assumed that the injection well intersects the circular fracture in its center. Monitoring wells are assumed to
be located at some distance from the fracture tip such that the flow field remains unaffected by end-
effects.

We prescribe ellipsoidal geome-
try to the model conduit
expressed by an aperture d and a
radius a (please note the list
regarding notation at the end of
the paper), a geometry naturally
written in cylindrical coordinates
(Figure 3). The aperture is con-
ceived as an effective hydraulic
aperture that does not imply a
specific mechanical state of the
real fracture to be modeled.
Mechanically open fractures (i.e.,
nontouching fracture surfaces)
require a fluid pressure distribu-
tion along them capable of over-
coming the normal stress on the
fracture surfaces (for constant
fluid pressure along the fracture,

Figure 1. Experimental setup: injection borehole (r 5 0) and monitoring borehole (r 5 L),
intersecting fractured rock. The gray areas represent the boreholes.

Figure 2. Experimental pressure transients recorded in injection (black line) and monitor-
ing (blue line) boreholes during a sequence of (1) injection (t ! 20–170 s), (2) pause (t !
170–300 s), (3) production (t ! 300–430 s), and (4) pause (t ! 430–700 s) of pumping.
Arrows indicate the direction of inverse response to pumping.
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fluid pressure simply has to
exceed normal stress). Yet it has
been long known that fractures
maintain a finite hydraulic con-
ductivity well below closure pres-
sure [e.g., Witherspoon et al.,
1980; Guimera and Carrera, 2000].
This state may be addressed as
hydraulically open but mechani-
cally closed. Flow along the frac-
ture remains well approximated
by the cubic law (exactly valid for
parallel plates) even when
mechanical closure is reached
[Witherspoon et al., 1980]. The

Poiseuille-type velocity distribution normal to the fluid flow, characteristic for flow between parallel plates,
is well approximated by an effective permeability of d2=12. Indeed, the cubic law is applicable to rough
surfaces in contact when appropriately modifying the geometrical factor of 1/12 using measures of fracture
roughness [Renshaw, 1995]. The choice of an ellipsoidal shape is therefore simply intended to provide an
analytical description of the corresponding effective hydraulic aperture that specifically avoids singularities
due to vertices. Alternatives, such as linearly tapered fracture geometry or parallel fracture surfaces termi-
nated by a circular cap, could equally well be used in principle.

Since the aperture associated with the model fracture is perceived to represent an effective hydraulic aper-
ture maintained by contact of local asperities on the fracture surfaces rather than a real continuous open-
ing, we also do not explicitly model or track bulk stresses on the conduit. In our numerical models,
mechanical equilibrium is guaranteed by restricting the displacements on some of the boundaries of the
model space (Figure 4). Stresses are a consequence of these restrictions but are not quantitatively evaluated
by us. Local stresses on the fracture surfaces are not an explicit feature of the modeling but the prescribed
initial aperture with the specific value dðrw ; t0Þ at the intersection with the borehole (r5rw , where rw # a) is
considered to result from an unspecified current global stress state. Fluid pressures along the fracture
encountered during the modeling remain below about 100 kPa, i.e., on an order of magnitude that is small
compared to typical stresses of most but the shallowest depths of investigation.

Furthermore, in this study the focus is put on long and thin features as typically encountered in geoscience
applications where conduits exhibit apertures of well below a few millimeters and lengths in the range of
several meters to tens of meters. Thus, we assume that d# a, that fluid flows mainly in radial direction in
the conduit, and that the effect of changes in conduit length on fluid flow is negligible compared to those
of changes in width. Obviously, horizontal displacements become crucial when investigating propagating
fractures.

While ample experimental evidence suggests that the hydraulic conductivity (or permeability) of real frac-
tures is well approximated by the cubic law, the storage properties of fractures are fairly complex and in
fact their nonlocal character causes the hydro-mechanical coupling, the very subject of our study. A hydrau-
lic conduit in a deformable material exhibits a sensitivity to the changes in the stress state of the surround-
ing material frequently addressed by normal and tangential stiffness that quantify the changes in aperture
with changing stress state. Normal stiffness (or storage) is closely related to the stress or pressure depend-
ence of transmissivity [e.g., Nolte et al., 1989]. Conversely, changes in conduit volume may also be caused
by the fluid pressure distribution in it, a relation giving rise to a contribution to storage capacity beyond the
compressibility of the fluid. Our modeling approach does not intend to belittle the role of asperities and sur-
face roughness per se, but approximating the hydraulic conduit’s mechanical behavior by that of an ellipti-
cal fracture with an effective aperture that gives the ‘‘right’’ conductivity (whichever way this effective
aperture had to be determined for a real fracture) provides a simple means of investigating the effect of the
bulk deformability of the conduit on fluid flow. The sensitivity of the hydro-mechanical behavior to the
exact shape and the characteristics of contacts will have to be subject of further work (but see recent paper
by Murdoch and Germanovich [2012] and Slack et al. [2013]).

Figure 3. Borehole intersecting a single horizontal fracture modeled by elliptical
geometry.
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Numerical vs. experimental observations

• pressure evolution at injection borehole (black lines) & monitoring borehole (blue lines)
• numerical solutions (dashed lines) and field data (solid lines)
• vertical dashed lines: (1) injection, (2) pause, (3) production, and (4) pause

The obtained parameters are a fracture length a 5 100 m, an initial fracture aperture dðrw ; t0Þ5600 lm at
the borehole intersection, and a bulk modulus of the linear elastic material surrounding the fracture
K51:4GPa . The bulk modulus, which represents the deformation behavior of a jointed rock mass on the
scale of tens of meters, is expected to fall significantly below typical modulus values for rock-forming min-
erals or intact rocks particularly for the shallow depths of the examined wells. In support of this notion,
estimates of the rock mass modulus (following Hoek and Diederichs [2006]) that we derived based on clas-
sification [see, e.g., Bienieawski, 1989] of drill cores of the tested wells range from approximately 1 GPa to
about 10 GPa at most.

In addition to implementing an automated fitting routine, an improved fitting of the experimental
data could likely be obtained by accounting for further physical processes, e.g., fluid leak-off and well
storage. Loss of fluid mass from the fracture volume toward the neighboring matrix may account for
some of the quantitative differences between the recorded and modeled pressure transients at both,
the injection and monitoring borehole. However, here we intended to demonstrate that the counterin-
tuitive pressure transient can in principle be explained by hydro-mechanical coupling without addi-
tional phenomena.

5. Discussion

The presented approaches rely on the assumption that the fluid flow is controlled by the aperture distribu-
tion along the fracture. In both approaches, contact between the fracture surfaces is neglected. The applic-
ability of our approach is limited by the validity of the cubic law employed for the description of the flow
problem. While the cubic law still holds for fractures that are mechanically closed, it is not applicable to frac-
tures with large contact areas compared to the entire fracture surface or fractures approaching a percola-
tion limit by other contact characteristics. Despite the differences in the derived governing equations
(equations (3) and (4) versus equation (8)), numerical solutions obtained with the hybrid-dimensional
approach closely match the ones of the poroelastic approach considered an appropriate benchmark (Figure
7). The hybrid-dimensional approach is well suited for the investigation of fluid conduits characterized by
high aspect ratios inaccessible by the poroelastic approach due to meshing problems. In particular for high-
aspect-ratio inclusions, we concluded that parameters characterizing the bulk properties of the conduit,
e.g., the storage capacity of the fracture, cannot be accounted for by a scalar representing a macroscopic

Figure 9. Pressure evolution at the injection borehole (black lines) and at monitoring borehole (blue lines) at 20 m distance: comparison
of numerical solutions (dashed lines) and field data (solid lines). The vertical dashed lines separate sequences of (1) injection, (2) pause, (3)
production, and (4) pause. The numerical simulation considered a high-aspect-ratio fracture (a 5 100 m, d5600 lm) surrounded by linear
elastic rock material ðK58:3 GPa ;G53:8 GPa Þ.
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Fracture characteristics - modelling issues

• coupling of governing PDEs (fracture - (poro)elastic matrix)
• aspect ratio of fracture leads to discretization problem for (D)irect (N)umerical

(S)imulations (meshing, # of DOFs)
• coupling techniques of fracture and solid matrix needs to be identified
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Modelling fractures - a matter of complexity
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modelling fractures - a matter of complexity

DNS

• strong coupling conditions at in-
terface free flow - solid matrix

• fluid properties are not re-
stricted (e.g. Re-number)

• efficient/necessary for e.g. dis-
cretizations with rf ⌧ 104

poroelastic approach

• modeled with Biot’s poroelastic
equations

• coupling due to coarse-grained
momentum interaction

• large defs. within fracture lead
to extended formulations

hybrid-dimensional

• introduces a priori assumptions
for fluid domain

• naturally covers large deforma-
tions within fractures (BCs)

• also efficient for high aspect ra-
tios rf � 105
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Modelling fractures - a matter of complexity
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Modelling concept – coupled hydro-mechanical approach
498 P. Schmidt, N. Dutler and H. Steeb

Figure 2. Visualization of required mechanical and flow boundary conditions defined on the intersection surface !Fr and the space-dependent fracture normal
vectors nFr

± (x̂). Flow between both domains is described by means of the outflow q̂lk and normal seepage velocity wN
f = wN

f · nFr
± and no-flow requirements are

introduced at the fracture tips x̂Tip. The acting fluid pressure p̂ and the fracture surface traction tFr define the mechanical boundary conditions.

Figure 3. Right: visualization of the 3-D poro-elastic BPe and the 2-D fracture BFr domain and its reduction to a 2-D radial-symmetric poro-elastic BPe
rad and

1-D fracture domain BFr
rad concerning rotation angle ψ and basis vectors er and ez . The fracture possesses symmetry regarding the borehole which orientation

might vary. Left top: approximation of fracture stiffness by nonlinear elastic springs with an aperture-dependent stiffness E(δ(x, t)) on the macroscale. Left
bottom: representation of acting gravitational forces Fg, fluid pressure p̂, surface tFr, contact induced normal tCon

N and shear tCon
S traction, contact !Con and

fracture !Fr mean surfaces and deflection angle θ on the microscopic level for a specific contact point (marked in red) of the reduced fracture domain BFr
rad.

property that interconnects the driving hydro-mechanical processes
and geometrical properties of a fracture, namely the contact mech-
anism (b), the asperities (c) and the flow processes (d). Its connect-
ing characteristic implies that information about the initial effective
fracture aperture δ0(x) provides insights about the hydro-mechanical
in situ state of a fracture. The initial fracture aperture might be calcu-
lated based on low-amplitude flow/pressure controlled (harmonic)
field testing protocols to minimize the effect of mechanical fluctu-
ations. Concluding, fracture stiffness and aperture equally depend
on the hydro-mechanical state of a fracture (e.g. Hollaender et al.
2002; Renner & Messar 2006; Rabinovich et al. 2015; Schmidt

et al. ). Nevertheless, the fracture aperture is an effective geomet-
ric property that explicitly contributes to both, the mechanical and
flow processes, which motivates the constitutive formulation of the
fracture stiffness as a function of the fracture aperture δ(x, t). This
assumption is studied by a balance of acting forces on the micro-
scopic fracture scale.

Equilibrium conditions of acting forces on the microscopic level.
The constitutive normal stiffness model is motivated by an analysis
of the acting forces on the microscale which are visualized in Fig. 3.
Investigations of its characteristics are studied by means of the
equilibrium condition in direction normal to the fracture’s mean
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… some modelling aspects (hybrid-dimensional approach)

v incl. effective fracture stiffness / effective stress concept
v leak-off effects (porous rock)

v deformable fracture & poro-elastic rock & fluid flow in fracture
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governing equation - hybrid-dimensional formulation
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Governing equation - hybrid-dimensional formulation

How do we couple now the (3D) poro-elastic domain with the (2D) fractures?

fracture domain (2D)

poro-elastic domain (3D)
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numerical benchmarks - investigated coupling schemes

• FE approach: strong coupling vs. weak (staggered) coupling

weak coupling strong coupling
(non-conformal meshes) (interface elements)

Schmidt, S. (2019) Int. J. Geomath. (GEM), 10, Doi:10.1007/s13137-019-0127-5

• FE approach: Biot’s equations
Adachi et al. (2007) Int. J. Rock Mech. Min. Sci., 44, 739-757
Segura (2008) Int. J. Num. An. Met. Geom., 32, 2083–2101
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Modelling for lab scale experimental analysis

- sample dimension r = 15 mm, h = 75 mm

- equilibrium state for confining pressure (20 MPa) and constant upstream pressure (15.0 MPa)

- fracture stimulated by p(t) = 15.0 MPa - 2π pA sin(t− teq)

Schmidt, Steeb, Renner (2023)
Pure Appl. Geophys., 180, 2841-2860
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Figure 1. Numerical fits of the dependence of fracture deformation ∆δ a) and specific frac-

ture stiffness ∂σN/∂∆δ b) on the acting total normal stresses for samples B1 and B2 (Pyrak-

Nolte & Morris, 2000). The total normal stress values 10, 20,. . . , 100 MPa applied in our nu-

merical study are indicated by the orange vertical dashed lines in a). The numerical boundary

conditions of the axisymmetric model c) comprise lateral stress σM on the outer sample surface

related to radial pressure pr, axial or normal stress σN, normal stress on the injection borehole

wall σp(τ), and the Dirichlet boundary condition associated with the fluid pressure p(τ) at the

intersection between fracture and injection borehole.
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domain plots a) and c) and corresponding hysteresis plots b) and d) for samples B1 a) and b)

and B2 c) and d). The red dashed lines give the reference solutions for pure radial diffusion qr(τ)

in the absence of fracture deformation. Flow solutions qBi for deformable fractures are shown in

shades of green for normal stress σN ranging between the minimum of 10 MPa (dark green) and

the maximum of 100 MPa (light green) in steps of 10 MPa.

–5–



University of Stuttgart - Institute of Applied Mechanics InterPore 2026 - May 19 - 22, Nantes, France 13

Modelling for lab scale experimental analysis
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- large fracture deformations lead to non-linear relationship between pressure and flux

- permeabilty variations result in non-constant pressure-flux phase shifts within one period T
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From lab scale (back) to field scale

Investigation of the records of (different) field studies that employed harmonic pumping

- Reiche Zeche underground-research laboratory (RZ), Freiberg, Germany (Renner et
al., 2021)

- Terrieu karstic field, near Montpellier, France (Fischer et al., 2018)

- Altona Flat Rock Site, Clinton County, NY, USA (Guiltinan and Becker, 2015)

- Boise Hydrogeophysical Research Site, Boise, ID, USA (Rabinovich et al., 2015)
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From lab scale (back) to field scale
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Zeche underground-research laboratory, b) Terrieu karstic field, c) Altona Flat Rock Site and d)

Boise Hydrogeophysical Research Site. The amplitudes are normalized by their maximum value.
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From lab scale (back) to field scale

manuscript submitted to Geophysical Research Letters

σN (MPa) ∂σN/∂∆δ (MPa/mm)

∂
ln

(δ
)/

∂
σ

N
(1

/M
P

a)

∂
ln

(δ
)/

∂
σ

N
(1

/M
P

a)

10−1

10−2

10−1

10−2

0 20 40 60 80 100 100 101 102 103 104

B2

B2

B1

B1

0.0

0.2

0.4

0.6

0.8

0 1/T 2/T 3/T 4/T 5/T 0 1/T 2/T 3/T 4/T 5/T
0.0

0.2

0.4

0.6

0.8

f (1/sec) f (1/sec)

A
(-

)

A
(-

)

Aq
σmax

N

Aq

σmin
N

Aq

σmin
N

Aq
σmax

N

a) b)

c) d)

B2B1

Figure 3. Amplitude spectra of flow q for sample B1 a) and B2 b) normalized by their max-

imum value. Amplitudes of the flow solutions (q̌Bi and q̂Bi) for the minimum (light green) and

maximum (dark green) normal stress are represented by different shades of green. Plots of the

relative aperture-change sensitivity regarding the acting normal stress c) and specific normal

stiffness d) for samples B1 and B2.

0.0

0.2

0.4

0.6

0.8

1.0

0/T 1/T 2/T 3/T 4/T 5/T

frequency

A
p

(-
)

a) b)

0.0

0.2

0.4

0.6

0.8

1.0

0/T 1/T 2/T 3/T 4/T 5/T

frequency
A

p
(-

)

0.0

0.2

0.4

0.6

0.8

1.0

0/T 1/T 2/T 3/T 4/T 5/T

frequency

A
p

(-
)

c) d)

0.0

0.2

0.4

0.6

0.8

1.0

0/T 1/T 2/T 3/T 4/T 5/T

frequency

A
p

(-
)

Figure 4. Pressure response spectra recorded during harmonic measurements at a) Reiche

Zeche underground-research laboratory, b) Terrieu karstic field, c) Altona Flat Rock Site and d)

Boise Hydrogeophysical Research Site. The amplitudes are normalized by their maximum value.

–6–

Reiche Zeche

Altona Boise

Terrieu

- hydro-mechanical coupling (could) lead to distinct non-linear effects

- higher harmonics could be explained by non-linearities
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take home message:

∗ linear/non-linear hydro-mechanics of fractures

∗ harmonic (pumping) tests could lead to non-linearities & overtones

∗ modeling fractures could be complex

∗ . . . but experimental characterization of fractures is also not trivial

∗ if you are interested - have a closer look at SFB 1313 & PML
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Thank You!

Holger Steeb
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