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1 Introduction

Nonlinear elliptic problems
For d € N, let Q C R be an open and bounded polytope. Let u € H}(Q)
solve the elliptic operator equation: for R : H}(Q) — H (%),

<R(U),(p> =0, Vpe H&(Q)
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1 Introduction

Nonlinear elliptic problems
For d € N, let Q C R? be an open and bounded polytope. Let u € H3(Q)
solve the elliptic operator equation: for R : H}(Q) — H 1(Q),

<R(U),(p> =0, Vpe H(%(Q)

Assumption 1 R is monotone & Lipschitz in some sense*

For an arbitrary i € H&(Q), and constants A\y; > A\, >0

R(D
Am dist(@, u) < sup M < A dist(, u)
eeri@) Vel
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1 Introduction

Nonlinear elliptic problems
For d € N, let Q C R? be an open and bounded polytope. Let u € H3(Q)
solve the elliptic operator equation: for R : H}(Q) — H (%),

<R(U),(p> =0, Vpe H(%(Q)

Assumption 1 R is monotone & Lipschitz in some sense*

For an arbitrary i € H&(Q), and constants A\y; > A\, >0

Am dist(@, u) < sup W < A dist(, u)
¥

pEH}(Q)
This implies that the error of i € H}(2) can simply be measured by
, (R(@), )
[R(D)|n-1(@) = sup ~—="
@ ey Vel
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1 Objective \

» To have reliable, locally efficient a posteriori error estimates robust
with respect to nonlinearities

Con (@) < |R(D)[| -1(0) < Cua (@)

fwo



1 Objective \

» To have reliable, locally efficient a posteriori error estimates robust
with respect to nonlinearities

Cmn(a) < HR(TI)HH*I(Q) < CQu 77(17)

However, generally Cy;/C,, depends on Ay/An, which can be large, and
thus the estimate is not robust with respect to nonlinearities
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1 A linear example |4

Consider the diffusion eq: (R(u), ) := (A(x)Vu, V) — (f,¢) =0.
Let A2, < A(x) < A3,
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1 A linear example

Consider the diffusion eq: (R(u), ) := (A(x)Vu, Vo) — (f,p) =0.

Let A2, < A(x) < A3, If up € Vi C HY(Q) is the f.e. solution of the
problem then Cea's lemma gives

IV (u = un)l| < 220V (un = @), Von € Vi

fwo



1 A linear example |4

Consider the diffusion eq: (R(u), ) := (A(x)Vu, Vo) — (f,p) =0.

Let A2, < A(x) < A3, If up € Vi C HY(Q) is the f.e. solution of the
problem then Cea's lemma gives

IV (u— un)ll < 321V (un = @n)ll,  Von € Vi
However, defining the energy norm ||¢|l, , = |A(x)2 V|| one has

llu = unllly 0 < llun = @ally a0 Vn € Vi
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1 A linear example |4

Consider the diffusion eq: (R(u), ) := (A(x)Vu, V) — (f,¢) =0.

Let A2, < A(x) < A3, If up € Vi C HY(Q) is the f.e. solution of the
problem then Cea's lemma gives

IV (u— un)ll < 321V (un = @n)ll,  Von € Vi
However, defining the energy norm ||, 4 = |A(x)2 V|| one has

llu = unllly 0 < llun = @ally a0 Vn € Vi

Similarly, if we use the error measure

. (R(11), )
IRy 0= sup SkB:e)
PEHL(Q) lell1,a

then we have robust estimates [Repin (2000)]
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1 Moving to the nonlinear case 5

Consider the nonlinear eq: (R(u), ¢) = (A(x, u)Vu, Vy) — (f, ) = 0.
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1 Moving to the nonlinear case 5
Consider the nonlinear eq: (R(u), ¢) = (A(x, u)Vu, Vy) — (f, ) = 0.

Then [[R(-)l|_1 4.,y cannot be defined since u € H(Q) is unknown.
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1 Moving to the nonlinear case
Consider the nonlinear eq: (R(u),¢) = (A(x, u)Vu, V) — (f,¢) = 0.
Linearization iterations

We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C Hg(Q).
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1 Moving to the nonlinear case
Consider the nonlinear eq: (R(u),¢) = (A(x, u)Vu, V) — (f,¢) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C Hg(Q).

Example (Fixed point iteration) For each i € N and ], € Vj, let

uLH € V), be the finite element solution of

(R (1), ) = (A(x, u})Vu, Vo) — (F,0) = 0

lin
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1 Moving to the nonlinear case
Consider the nonlinear eq: (R(u),¢) = (A(x, u)Vu, V) — (f,¢) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C Hg(Q).

Example (Fixed point iteration) For each i € N and ], € Vj, let

uLH € V), be the finite element solution of

(R (1), ) = (A(x, u})Vu, Vo) — (F,0) = 0

lin
Then defining the energy norms generated at iteration i as
i1
{II@IILUL = [|A(x, up)2 V| for ¢ € H3(Q),

<l 1y = 9Pty (s: @)/l for s € HX(Q),
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1 Moving to the nonlinear case
Consider the nonlinear eq: (R(u),¢) = (A(x, u)Vu, V) — (f,¢) = 0.

Linearization iterations
We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u] }ien C Vi C HE (D).

Example (Fixed point iteration) For each i € N and ], € Vj, let

'H € V), be the finite element solution of
(u), ) := (A(x, u})Vu, V) — (f,0) =0
Then defining the energy norms generated at iteration / as
i1
llellly ;= 1A uh)> Vel for ¢ € Hz(Q),
sl —1,u; = supperp@)(s: @)/ Ml for s € HH(Q),

(R}

lin

1 . . .
Lm( o )H (discretization error)

—1u,
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1 Moving to the nonlinear case B
Consider the nonlinear eq: (R(u),¢) = (A(x, u)Vu, V) — (f,¢) = 0.

Linearization iterations

We generally solve nonlinear equations by linearization iterations, i.e., by
finding a sequence {u}}ien C Vi C Hg(Q).

Example (Fixed point iteration) For each i € N and ], € Vj, let

'H € V), be the finite element solution of
(RiA (1), ) = (A(x, 1}V, Vig) — (F. ) = 0
Then defining the energy norms generated at iteration / as
iy
llellly ;= 1A uh)> Vel for ¢ € Hy(Q),
sl —1,u; = supperp@)(s: @)/ Ml for s € HH(Q),

L . . .
lm( upt) )H (discretization error)
1,u;
:

but not of ||| R(u}, iy |H—1.,UL fWO




1 Questions |6

> Can we get a robust estimate of |H7€(u,’1)H|_1 ,; using the linearization
2ty

iterations?
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1 Questions \

> Can we get a robust estimate of |HR(U,’7)H| - using the linearization

—1,u
iterations?
» If yes, then can this be used to stop the iterations adaptively?

[Ern & Vohralik (2013)]

Dual error
S

B I N N N I MR SN B B |
0 2 4 6 8 10 12 14 16 18 20
Newton iteration

See also: [El Alaoui et al (2011)], [Blechta et a/ (2018)], [Heid & Wihler (2020)
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2 Outline |7

® Main analytical results
Decomposition of error
A posteriori error estimates
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2 An orthogonal decomposition result

Theorem 1 Decomposition of the total error using linearization
Under Assumption 1, and provided that the linearization iterations

{uj }ien C Vi, C H3(Q2) are generated by linear problems

(Rif (1), @) = £(ufi v — uh0) + (R(u}),0) =0, Vo € H}(Q),

lin

for a symmetric, bounded, coercive, bilinear form S(u;'” -,+), and

_ R (S, )
lielly,y = £Cup: ,90)7, sl —y,; = sup el
peHi (@) IPl1,u]
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2 An orthogonal decomposition result 7

Theorem 1 Decomposition of the total error using linearization

Under Assumption 1, and provided that the linearization iterations
{uj }ien C Vi, C H3(Q2) are generated by linear problems

(RiA (1), 0) = S(u u — b 0) + (R(u}), ) =0, Voo € HY(Q),

for a symmetric, bounded, coercive, bilinear form E(ujﬂ -,+), and

. 1 (s,9)
el = Shion o)t Ml gy = swp pSHE
peHy(@) IPN1,u]

we have

. D) 1112
IR, o, = [[RAGEI,, + 1 - bl
—,_/ —_———

total error discretization error of Iine;é:i';(;artion

the linerization step
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2 A posteriori error estimates E

» The linerization error is computed directly, we define

Mhina = ([l — w1 -

fwo



2 A posteriori error estimates

» The linerization error is computed directly, we define

i+1

i = [ = .

we introduce 7/}, o, following the

lin

» For estimating H‘R“" i+l m

analysis on robust estimates of smgularly perturbed reaction-diffusion
problems in [Smears & Vohralik (2020)], [Verfurth (1998), (2005)]
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2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

H’R |H 14 <[P = Z([’/dls(‘ k12 + [k ?)-

KeT
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2 A posteriori error estimates 8

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

H’R |H 14 <[P = Z([’/duc k12 + [k ?)-

KeT
Global efficiency

[7]5’;]2 < |||R(u;,)H|i1 , + (data oscillation terms).
U
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2 A posteriori error estimates

Theorem 2 Reliable, efficient, and robust a posteriori estimates

Global reliability

H’R |H 14 <[P = Z([’/m\c k12 + [k ?)-

KeT
Global efficiency

AR |||R(u;,)H|i1 , + (data oscillation terms).
Up

Local efficiency

For w C €2, there exists a neighbourhood ¥, C Q such that

i< H|R i+ ||| Ll % + [ x, 1? + (data oscillation terms).
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3 Outline o

© Scope of the results
Class of problems
Linearization schemes
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3 Class of problems 9

Class 1: gradient independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (F(x, u), @) + T(K(x)(D(x, u)Vu + q(x, 1)), Vip)
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3 Class of problems 9

Class 1: gradient independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (F(x, u), @) + T(K(x)(D(x, u)Vu + q(x, 1)), Vip)

Semilinear equations Au = f(x, u)

Such equations pop up in quantum mechanics (special solutions
to nonlinear Klein-Gordon equations), gravitation influences on stars,
membrane buckling problems etc.

Time-discrete nonlinear advection-reaction-diffusion equations

with time-step 7 > 0 following evolutions equations reduce to this case
Poro-Fischer equations:  dyu = Au™ + Au (1 — u)
Richards equation: 0:S(u) = V - [K(x)s(S(u))(Vu + g)] + f(x, u)
Biofilm equations: Ot = AP (uk) + fe((ur)f_y)
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3 Class of problems 9

Class 1: gradient independent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), @) = (f(x, u), ¢) + 7(K(x)(D(x, u)Vu + q(x, u)), V)

Assumption 1 is satisfied if 7 > 0 is small, and

> D:Q xR — R" is bounded and Lipschitz

> K:Q — R is symmetric positive definite

» f:Q xR — R is monotone and Lipschitz upto the boundary

> g:Q xR — RYis bounded, and satisfies a Lipschitz condition*
with

(NI

dist(u, v) = HR V}DH
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3 Class of problems |10

Class 2: gradient dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (f(x,u), ) + (o(x,Vu), Vi)
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3 Class of problems |10

Class 2: gradient dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), ) := (f(x,u), ) + (o(x,Vu), Vi)

For a(-) satisfying the ellipticity condition, and b(-) > 0

b(x)

vine )Y
p-Laplacian problems*:  o(x,y) = (a(x) + b(x)|y|P~2)y

1
Compressive flow*: o(x,y)=b(x) (1 - Fty?) Ty

Mean curvature flow: o(x,y)= <a(x) +

fwo



3 Class of problems

Class 2: gradient dependent diffusivity problems
For all ¢ € H}(Q), R : H}(Q) — H1(Q) is defined as

(R(u), @) := (f(x,u), ) + (o(x, Vu), Vo)
Assumption 1 is satisfied if f(x, ), o(x,-) is monotone and Lipschitz
(a(x,y) —a(x,2)) - (y —2) > |y — 2> forxcQandy, zc R

lo(x,y) —o(x,2)| < \aly —z| forxcQandy, zc R%

with
dist(u, v) = || V(u—v)]|
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3 Linearization schemes |11

Abstract linearization

For all uf, €V}, define the symmetric, coercive, and bounded bilinear form

£(up; v, w) = (L(x, up) v, w) + (a(x, uj) Vv, Vw).
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3 Linearization schemes |11

Abstract linearization

For all u;, €V}, define the symmetric, coercive, and bounded bilinear form
L(ub; v, w) = (L(x, u}) v, w) + (a(x, u}) Vv, Vw).

Then we compute uL“ € Vj, as the f.e. solution of the equation

'S(UL; u— U;.,,(p) = —<R(U2),g&>, v‘)o € H(%(Q)
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3 Linearization schemes |11
Abstract linearization
For all uf, €V}, define the symmetric, coercive, and bounded bilinear form
£(up; v, w) = (L(x, up) v, w) + (a(x, uj) Vv, Vw).
Then we compute uL“ € Vj, as the f.e. solution of the equation

L(up; u— up, 0) = —(R(uh), @), Vo € Hy(RQ).

With respect to £, the linearized energy norms are defined as
1

‘ 1 i i 2
ol = Sk = ([ Lxup)e? + ot ) 7o)

(s, )
|H<m71,u2 = SUp |H |’|| N
peHi (@) 1P,y
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3 Linearization schemes: practical examples |12
Abstract linearization
For £(uj; v, w) = (L(x, u},) v, w) + (a(x, u},) Vv, Vw),

compute u),"* € Vj, as the f.e. solution of the equation

L(upy; uitt — uf, 0) = —(R(u}), @), Vo € HY(Q).

Scheme L(x,v) a(x,v)/T

Picard Oef(x,v) K(x)D(x,v)
Jager—Kacur max¢cr (W) K(x) D(x, v)
L-scheme L (constant) > fsupdf  K(x)D(x,v)
M-scheme D¢ f(x,v) + Mt (constant)  K(x)D(x, v)

Examples in gradient independent diffusivity case
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3 Linearization schemes: practical examples |12
Abstract linearization
For £(uj; v, w) = (L(x, u},) v, w) + (a(x, u},) Vv, Vw),

compute u),"* € Vj, as the f.e. solution of the equation

L(upy; uitt — uf, 0) = —(R(u}), @), Vo € HY(Q).

Scheme L(x,v) a(x,v)/T

Picard Oef(x,v) K(x)D(x,v)
Jager—Kacur max¢cr (W) K(x) D(x, v)
L-scheme L (constant) > fsupdf  K(x)D(x,v)
M-scheme D¢ f(x,v) + Mt (constant)  K(x)D(x, v)

Examples in gradient independent diffusivity case

» Newton scheme leads to a non-symmetric £ and is treated separately
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3 Linearization schemes: practical examples

Abstract linearization

For £(uj; v, w) = (L(x, u},) v, w) + (a(x, u},) Vv, Vw),

compute uL’Ll € Vj, as the f.e. solution of the equation

L(upy; uitt — uf, 0) = —(R(u}), @), Vo € HY(Q).

Scheme L(x,v) a(x,v)/T
Kacanov Oef(x,v) A(x, [Vv])
Zarantonello 0

A (constant) > 0

Examples in gradient dependent diffusivity case
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4 Qutline

O® Numerical results
Gradient independent diffusivity
Gradient independent diffusivity case
The Newton scheme
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4 Adaptive linearization & effectivity of estimates |14

Algorithm 1 Adaptive linearization

For a fixed 0 < ;1 < 1, we iterate until for some i =i € N,

Ming < il
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4 Adaptive linearization & effectivity of estimates |14

Algorithm 1 Adaptive linearization
For a fixed 0 < ;1 < 1, we iterate until for some i =i € N,
Mina < 1]

Effectivity indices
Global effectivity index: Eff. Ind. := 7’ /||| R(u})||| _,
»Upy
Local effectivity index: (Eff. Ind.)x :=ni/||R(u))[|_, , «» VKET,
s
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4 Adaptive linearization & effectivity of estimates |14

Algorithm 1 Adaptive linearization
For a fixed 0 < ;1 < 1, we iterate until for some i =i € N,
Mina < 1]

Effectivity indices
Global effectivity index: Eff. Ind. := 7’ /||| R(u})||| _,
»Upy
Local effectivity index: (Eff. Ind.)x :=ni/||R(u))[|_, , «» VKET,
s

Mesh
Three mesh-levels used: h = %t where ¢ € {1,2,4}
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4  Gradient independent diffusivity case: Richards equation |14

IsoValue

For Q = (0,1) x (0,1) we study 2= Uout

L)
n-2.1
54
"

where the van Genuchten
parametrization for S, k is used:

L -..‘.. o
SOSOES
Q=N

SO0,

N No Flux
S©=(1+@-97) ",
W)= vE(1- (- sh)2)

with A = 0.5, u? =0,

- [1 02 1
K{o.z 1]’ a”dg<o)

D=L

--1
u-0.
-0
-0
-0
-0,
m0.
m0.
0.
1
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4 Global effectivity |15

5. Picard 7 =1.0 5. M-Scheme 7 = 1.0 5. L-Scheme 7 = 1.0
< |[+£=1] < =1 .
Z |ler =2 S|l =2 g
& 2ol =4 i o flel =4 &
= o = P =

0 10 20 g 30
, Picard 7 = 0.01 . M-Scheme 7 = 0.01 L-Scheme 7 = 0.01
- ; y g
_g ; D@ @ @ @@ O —g :D B @@ @ @ E ‘nBQQQOOOOOOOOODO
= = X |
®
&, S S CEI p amoessssasesessesed
& & = i
1. - =1 1 1.9
ol =2
o-f =4
1 1 . - B n
0o 2 4 6 & 1012 [ 4 8 10 512 0 10 20 i 30
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4 Distribution of error vs. estimates

Error MS 1=2,t=1,i=9 .lsoxags i MS 1=2,t=1,i=9 IsoVaIB?

\4

Error Estimate

LM 1-2,7-6.01, 125 v

|16
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4 Local effectivity |16

=1,t=1,i= IsoValue
MS 1=1,t=1,i=8 WO 82
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Error with linearization iterations

|17

For the adaptive stopping criteria ;x = 0.05 is chosen

Errors & Estimators

Picardr =1, (=2 o M-Schemer=1(=2 ) L-Scheme 7 =1, =2
H] z
NUTITIITRIITITIe £ L orrrprrorsrrorbErray g SENETUTITR INTUTN
N g7
.. a4 4 N
e = < \‘\.
., P - .
-~ £ z
9 7 . . 7 2 7
— (IR (wr) Il -1,y . & | MR) -1, g | IR
A Tlhin,g . o1 lin,g T,y g
B/ i/} . e/
lCI 10 20 1 30 "o 10 20 Z 30 10 10 20 Z 30
Y Picard 7 =0.01, £ =2 o M-Scheme 7 =0.01, £ =2 ,—L-Scheme 7 = 0.01, £ =2
) - E ER U TS T =
] ] e,
4 5 5 e,
4 : ; "t
6 5 g —¢f - . S —¢f : H
fIHR(w)HLW ‘\ = *‘”R(“T)HLLW &= 7H|R(UT)H|—LMT
g +7Ifm,r, \\. g *ﬂl’;n,n \\ 8l Mhin,g
) =5 -, =
‘0 2 4 6 7 10 0 2 4 Z 10 ’J 10 20 1 30
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4 Gradient independent diffusivity case |18

We consider in 2 the equation

IsoValue

eu—V - [A(|Vu|)Vu] = f

where

e = 1072, and a singular f €
H=1(Q) is chosen such that the
solution becomes

Uexaet = I'7 COS (36) .
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4  Global effectivity and distribution of error |19

B Kacanov Estimator 1-2,i=2
. Value
i ——( =1
. ? =2 |4
Eﬁ ol = 4]
1.4
1.4 -
-
pa
1.9
1
0 2 4 6 8 Z 10
B Zarantonello i Estimator 1=2,i=3
g =1
'_:1 . o =2
E‘m:: o,.efwoeooeoaoee@eoeoe ol =4 o
1.
1.4
o
—
1.7
1
0 5 10 15 20 25 /l 30
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4 Local effectivity |20

i ¢ =1.i= IsoValue
i Kacanov 1=1,i=2 5030

i Zarantonello 1=1,i=3 ';06/%112 n e 1=2,i I.sov:‘gg
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Error with linearization iterations

Kacanov £ =1

Kacanov £ = 2

Kacanov £ =4

|21

o 0 0
a \ £ £ =
?ﬂfz ‘fEu -2 \. é -2 \
& & -4 &
= 5 = TR < 7
2 A IR -1, z IR £ =R -1,
é *ngmﬂ 5 *me,n I 5 -+ Mhin.q .
et , “Af (e I
o ¥ e — )] 9 e — )l Ve =)l
7“0 2 4 6 8 ¢ 10 o 2 4 6 8 4 10 4/0 2 4 6 8 g 10
N arantonello ¢ = 1 . Zarantonello £ = 2 Zarantonello £ = 4
- o @ o ” 0
g -2 e ER . ERCIRS
R g m 4 : 4
= , it ;s .
g g fI\LR(ulr)HLl,u; g *miR(“lT)HLwT g f\IIIR(U’T)HLw,
& Min,g B[ Mingg = Ming
il B v B - v ‘\\
o ¥ s = ) ¥ s = )| AV e — )l e
710 10 20 Z 30 77(‘, 10 20 Z 30 710 10 20 y 30
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4 The Newton scheme |22

For the Newton scheme, the linearization operator
L(upi v, w) = (L(x, up) v, w) + (a(x, up) Vv, Vw) + (w(x, up)v, Vw),

is non-symmetric.
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4 The Newton scheme |22

For the Newton scheme, the linearization operator
L(upi v, w) = (L(x, up) v, w) + (a(x, up) Vv, Vw) + (w(x, up)v, Vw),
is non-symmetric. However, if for some Cy € [0,2) we have

w(x, ul) a=(x, u) w(x, uir) < G L(x,ulr), Yxe€Q, and €N,
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4 The Newton scheme |22

For the Newton scheme, the linearization operator
L(up; v, w) = (L(x, up) v, w) + (a(x, up) Vv, Vw) + (w(x, uj)v, Vw),
is non-symmetric. However, if for some Cy € [0,2) we have
w(x, ul) a=(x, u) w(x, uir) < G L(x,ulr), Yxe€Q, and €N,

then,
o) [[[RAGED|", + 1 = il | < IRGDIE,

< Gutw [[[rib[,, + e - il

with Gy (Cp), Cu(Cy) — 1if Cy N\, 0. fwo



The Newton scheme: numerical results |23

For gradient independent diffusivity case, we have

. Newton 7 = 1.0 . Newton7=1,£=2
g g
— @ -2
= 2
= & -4
3
2 ¢ 7 A |
4 —|||R(“T)m—1,u;_
Mg +7711_in,§z
L,
-1
1 2 3 4 5 6 5 7

7
Newton 7 =0.01, £ =2

Global Effectivity Local Effectivity Error with iterations

fwo



4 Thank you for your time |24

d’aku]em Tak Dankie 'kiitos;
Cnacn6o n'nn u~arc terima kasih,
———
Asante Gracias | )Sw multumesc, hvala

salamat; B | jThank you Danke 'Hvala
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