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Stokes-Biot model for coupled flow with poroelastic
structure

Biot system of poroelasticity in 2,:

—divoy(n,) =fp,  op(n,) = Ap(divy,)l +2u,D(n,) — appl

9 : : _
57 (%0pp + adiviy) +divu, =5, K lu, = —Vp,

Stokes in Q:
—diver=fr, of=—prl+ 2,LLfD(Uf), divur =g
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Applications of coupled flow and mechanics

Groundwater Table

Surface-ground water systems

Hydraulic fracturing

Smooth Connective

muscle tissue layer AHEPA air filter can reduce the

amount of airbome allergens ’

Elastic
layar

Epithelial
layer

Arterial flows Industrial filters
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Fully dual-mixed formulation and MFE discretization

o Darcy: velocity—pressure; multipoint flux mixed finite element method
o Elasticity: weakly-symmetric stress—displacement—rotation; multipoint
stress mixed finite element method

@ Stokes: weakly-symmetric stress—velocity—vorticity; multipoint stress
mixed finite element method

Advantages:

@ local mass conservation for the Darcy fluid; contiunous normal flux

@ local momentum conservation for the solid and the Stokes fluid;
continuous normal stress

@ locking-free for almost incompressible material, small permeability K,
and small storativity sp

@ local elimination of flux, stresses, rotation, vorticity: positive definite
cell-centered pressure—displacement—velocity system
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Discretization for Darcy flow

Model Problem: divu = f, in Q
u=—-KVp, inQ

® pressure

Mixed Finite Element (MFE):
up, € Vy, C H(diV;Q), pn € Wy, C L2(Q):

f velocity

(K tup,v) — (pp,divy) = 0, Yv eV,
(divup,w) = (f,w), Yw € W
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Multipoint Flux MFE - Accurate Cell-Centered Scheme !

WHEELER, Y. [2006], KLAUSEN, WINTHER [2000]
Find up, € Vi, € H(div; Q) and p, € W), C L3(Q),

(K 'up,v)o — (pn,divy) = 0, Yv e Vy
(divup,w) = (f,w), Yw € W

@ Particular finite element spaces:

The lowest order BDM; space
@ Specific numerical quadrature rule:

Vertex rule for (K tu,,v)g

"Motivated by MPFA methods - Aavatsmark, Edwards, and collaborators
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Mixed Finite Element Spaces

@ 2D square (BDM; space) and 3D cube (enhanced BDDF; space):

<

-4

B

|

lﬁl

Piola transformation :

I. Yotov (Pitt)

o pressure @
4 velocity
Bilinear mapping

E @ DFE: Jacobian
o Jg:= det(DFE)

1
vi=Pi=DFgio Fet
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Reduction to a Cell-Centered Stencil

1

(K Yup, vp)e = (Mglp, Up) g, Mg = IE

DFI K~DFg

Numerical quadrature:

4
A 1 e s\ o (o
(K tup,vin)o.£ o= (MEelin, Up) g g = 1 > ME(®)bn(F;) - a(Fi),
i1

' '\‘
e

Local velocity interaction Cell-centered pressure stencil
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Accuracy of Multipoint Flux MFE methods

Theorem (Ingram-Wheeler-Y. 2010)
For the symmetric MFMFE on smooth quadrilaterals and hexahedra

lu =l + [P = pall < Ch(lufx + [|pll2) = O(h)

Theorem (Wheeler-Xue-Y. 2011)

For the non-symmetric MEFMFE on general quadrilaterals and hexahedra

P = pull + [Mu = up|| < Ch(luls + [[pll2) = O(h)

[u —upll7, < Ch(ulz + |[pll2) = O(h)

Face norm: HvH%_—h Z Z —||v ne||2 = h Z v - nel|?

EeTh e€8E ecOE
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A multipoint stress MFE method for elasticity °

diva(n) =f, a(n) = A(divy)l +2uD(n), D(n)=(Vn+Vn')/2
Stress—strain using compliance tensor:
Aco(n) =D(n), Ac = x <a — Atr(a)l)
2 2+ dA
Weakly-symmetric mixed formulation (Arnold, Falk, Winther [2007]):

1
D(n) =Vn -1, 7:§(Vn—VnT); M =R%*9 K =RIxd

skew
Find (o, m,7) € H(div, Q; M) x L2(Q,V) x L?(Q,K) such that
(Ao, 7)+ (divr,n) +(7,7) =0, 7€ H(div, ;M)
(diva,€) = (f,€) g€ 3(QV)
(o,x) =0, x € L2(Q,K)

2Ambartsumyan, Khattatov, Nordbotten, Y., SINUM 2020, Num Meth PDEs 2021
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Multipoint stress MFE method

Mixed finite element spaces:

A A
| |
[ ]
T | 1
1 1
Y, = (BDMy)? Vi, = (Po)¢ Qn = (@)

Find (oh, mp,Yh) € Lh X Vi X Qp such that

(Aop,m)o + (divr,m,) + (7,v,)0 =0, TEY,

(divah7£) = (fas)a £ € Vh
(Uh-/X)Q = 07 X € Qh
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Local stress and rotation elimination: cell-centered spd
system for the displacement

Aon O 0 n|=|f | o= —AEU(Ag’nn‘i‘Aa’y’Y)
Ay 0 O ~ 0

where Ag o is block-diagonal with blocks associated with vertices
AU'T]AO'O'AO"I’] AO’nAaaAU'y ( n > _ ( f )
Ao-fon.a.Ao-,), is block-diagonal with blocks associated with vertices

Ao-*y Ao-o- Aa"y lAg-»y Ao-o-Ao.n n

N
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Stability of the MSMFE method

Babuska-Brezzi stability conditions:
(S1) cllTllHiv) < (AT, 7)q
forTeXp:(divr, &)+ (7,t)q =0 V(&,t) € V), x Qp

(9 sy @VTOI(C 0
€ x)eVix @y Texs 1T H(aiv) (€]l 2 + [t 2)
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Error estimate

Theorem (Ambartsumyan, Khattatov, Nordbotten, Y., SINUM 2020, Num Meth
PDEs 2021)
On simplices and h*-parallelograms,

o —onlliz) + ldiv(e —an)lliz) + 1m —nnll2@) + 17 =Vl @) < Ch

1Phm — Myl 2() < CH?
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Stress-velocity-vorticity formulation for Stokes 3
—diver=fr, of=—prl+ 2/,LfD(llf), divur =0
tr(of) = tr(—pfl) + 2pr tr(D(ur)) = —dpr + 2pr divur = —dpr

Deviatoric stress:

1
ol =of— Etr(af)l

Eliminate the pressure:
1

d
—o% = D(ur
-t = D(uy)
Weak symmetry: D(uf) = Vur — ¢, v¢ = 3(Vur — Vu/)
Stress-velocity-vorticity formulation:
1

2—/”0? =Vus —~s —dives=f;
Recover the pressure from
1
pr = —gtm'f

3Camano, Gatica, Oyarzua, Ruiz-Baier, Venegas, CMAME 2015
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Multipoint stress mixed finite element method for Stokes

Mixed finite element spaces:

Yp x Vi x Qp C H(div, Q; M) x L3(Q,V) x [3(Q,K)

Yh X Vi x Qp = (BDM)9 x (Po)? x (Q1)9*?

Find (o n,Ur.n,Yrn) € Th X Vi X Qp such that

1 .
21177 P Tin)o + (divTepups) = (Trnvr)o =0, Tea€ Xy
(divorn & n) = (Fr. &r p)s €r,n € Va
(ofh Xrn)o =0, Xrh € Qn
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Stability and convergence

Y = H(div, ;M) =% +RIl, Xp:trr =0
It holds that*

CallrellP < I7fIP + IV - 7¢l> Vs € To.
Theorem

There exists a unique solution to the MSMFE method for Stokes. On
simplices and h?-parallelograms,

lor — o nllHegiv.a) + lur —us sl + lve = Yenlliz@) < Ch

*Gatica, Springer 2014

I. Yotov (Pitt) MSMFE-MFMFE for Stokes-Biot May 30 - June 2, 2022 17 / 30



Stokes-Biot model for coupled flow with poroelastic
structure

Biot system of poroelasticity in 2,:

—div UP(np) P> Up(np) = AP(dlvnp)l + 2NPD(np) - apPI

0 . ) 3

a(sopp + Ozdlvnp) + div Up, = &p, K 1up = —Vpp
Stokes in Q:

—diver=fr, of=—psl+ 2/,LfD(uf), divur =0
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Biot-Stokes interface conditions on [

SHOWALTER [2000]

BADIA, QUAINI, QUARTERONI [2009] I I

Mass conservation:
ur-ng+ (0, +up) -np, =0
Beavers-Joseph-Saffman condition (slip with friction):
(onf) - T¢ = —cpys(ur — Oemy,) - T+

Balance of normal fluid stress:

(O'fﬂf) N = —pPp
Conservation of momentum:
omr+opn, =0
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Fully mixed Stokes-Biot formulation

5 (8 7, + (wrdiv e, — (e @), + (1770,
/‘(Kilupv Vo)a, = (Pps V- Vp)a, + (vp - np, )‘>r,p

So (6th7 QP)QP +ap (8tAa'p, qpl)Qp + O‘P(atap APpl)a qp')ﬂp

+(gp, V- “p)Qp

(0tAop, Tp)ﬂp + ap (Ocpp, tr(A TP))Qp + (us, div TP)Qp — (Tpnp, 9>rfp
+(7p77'p)0p

— (vf, diver)g,

— (vs,divop)a,

—(or, xr)ar

— (o5, Xp)

—{p-nr+(0+u,)- "pa€>r

(@15, N)r, — Goss <\/F(<P —0)- 7, ¢- Tf>rf,, + (opnp, @)r

(me, )y, + s (VKT (9= 0)-mr,9p )+ (@one, Ny,

fp

fp

fp
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= (gpa qP)Qpa

= 07

= (fr,vr)e;,

(fPa VS)va

= 0,
0,
= 0,
0,

= 0.
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The MSMFE-MFMFE method for Stokes-Biot

e Simplicial or quadrilateral finite element partitions of ¢ and €2,
Allow for non-matching grids across ['g,

Stokes: (BDM1)? x (Py)9 x (P1)9*? for (o¢,ur,¢)

Elasticity: (BDM1)9 x (Pg)? x (P1)?*9 for (0p,us,v,)

Darcy: BDM; x Py for (up, pp)

Interface fluid velocity: As ) = Zf7hnf|rfp = (Pldc)d for ¢

Interface structure velocity: Ay = ¥, 4np|r, = (P{<)? for 6

Interface pressure: A,y =V, 1 nplr, = P{< for A

Theorem
The method is well-posed and first order accurate.
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The full algebraic system

t t t

Ac oy 0 to 0 A 0 A vy 0 Agrp 0 to
0 Aupup Aoy (o 0 0 0 0 0 0 2N

0 —Auppo  Apppp Apop 0 to 0 . 0 0 to 0

0 0 Appop  Acpop 0 Al s 0 Ao, 0 A0 0

—Ac uy 0 0 0 0 0 0 0 0 0 0

0 0 0 —Ac pus 0 0 0 0 0 0 0

—Ac s 0 0 0 0 0 0 0 0 0

0 0 0 —Acp, 0 0 0 0 0 0 0
—Acre 0 0 0 0 0 0 0 Apep Al A%,\
0 0 —Asp0 0 0 0 0 Apo Ase Ay

0 —Aupr 0 0 0 0 0 0 —Apx —Agx 0
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The reduced cell centered & Lagrange multiplier system

Appuppp _ O /4ppo’pus _ 0 Appcrpe Appup)\ Pp FPp

_ O Aufo'fu,' _ 0 Aufo'fgp _ O 0 ur Fuf

Aoss 0 Augus 0 Auge O us | _ | A

. 0 Alt‘r'"r"P _ 0 Aporep ffpe Apr P Fe

A:)pops 0 Aflscrpe ALp@ Aeape Atg)\ 0 ig

PotipA 0 0 —Aox —Aexn Axur A A
Lemma

The reduced matrix is positive definite.
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Convergence test

I. Yotov (Pitt)

_ —3x + cos(y)
ur = mcos(mt) ( y+1

pr = e’ sin(7x) cos(%) + 27 cos(mt)

= ret COS(ﬂ'X) Cos(ﬂ)
up, = me (%sin(WX)Si”(%zyQ

pp = €' sin(mx) cos(%)

n, = sin(rt) (—3xy++c<55(y)>
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Numerical errors and convergence rates

”E(ﬂ'f)||/2(017-;xr.) He(uf)ll,z(oﬂr;vf) \|€(‘Yf)||,2(01T;QF) He(pf)”ﬂ(O’T;LZ(QF))
hfe error rate error rate error rate error rate
0.7071 2.9664 - 3.7507 - 0.5247 - 0.8067 -
0.3727 1.5562 1.0072 1.9440 1.0261 0.1959 1.5382 0.4113 1.0519
0.1964 0.6987 1.2502 0.8646 1.2651 0.0715 1.5739 0.2001 1.1246
0.0997 0.3672 0.9485 0.4381 1.0022 0.0285 1.3566 0.0986 1.0443
0.0487 0.1806 0.9902 0.2149 0.9940 0.0130 1.0926 0.0508 0.9264
0.0250 0.0901 1.0406 0.1070 1.0435 0.0062 1.1112 0.0248 1.0730
lle(ap)llioo (0, T:x,) He(us)l\,z(oyT;vp) “6(’Yp)H/2(0’T;@P) He(up)\l,z(o,T;xP) lle(pp)llioo (0, T50,)
hp error rate error rate error rate error rate error rate
0.4779 0.4546 - 2.3537 - 3.3381 - 5.3933 - 0.1331 -
0.2652 0.2228 1.2103 1.1492 1.2170 0.6761 2.7107 2.7667 1.1332 0.0664 1.1816
0.1267 0.1090 0.9679 0.5637 0.9647 0.1784 1.8045 1.2575 1.0679 0.0303 1.0611
0.0637 0.0561 0.9675 0.2845 0.9950 0.0448 2.0124 0.6293 1.0074 0.0155 0.9718
0.0349 0.0282 1.1435 0.1432 1.1418 0.0145 1.8708 0.3137 1.1579 0.0079 1.1338
0.0210 0.0141 1.3613 0.0713 1.3693 0.0049 2.1358 0.1548 1.3857 0.0039 1.3718
He(‘P)H,z(o,T;Lz(rfp)) Hé(e)H,z(oyT;Lz(rfp)) ”€(>‘)H12(0,T;L2(rfp))
hyr error rate hip error rate error rate
1/2 0.2540 - 1/3 0.4758 - 0.0990 -
1/4 0.0516 2.2998 1/6 0.2101 1.1792 0.0269 1.8800
1/8 0.0107 2.2673 1/12 0.0628 1.7427 0.0074 1.8599
1/16 0.0021 2.3308 1/24 0.0133 2.2347 0.0017 2.1024
1/32 0.0004 2.3059 1/48 0.0035 1.9267 0.0004 1.9644
1/64 0.0001 2.1602 1/96 0.0008 2.1900 0.0001 2.1079
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Coupled surface and subsurface flows

.2e-01

!

b L
ufh'Y

-4.6e+00
9.2e-01

w N —
uph'Y

PR o .

-4.6e+00

=1 oap=1 =1 pup=1 s=1K=I,

ff:Oa qf:07 fPZOJ

ur = (—40y(y — 1), 0)°
ur =0

omg =0

pp=0 and opn, =0

u,-n, =0 and us=0
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Coupled surface and subsurface flows

9.2e-01
[ 0
1

>

-4.6e+00

I
e
§

-4.6e+00

bm_.O
uphY

Velocity Vertical stress x Vertical stress y

etaph Magnitude

Stress - pressure Displacement
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Fluid filled cavity

pph uph
9.8e-06 04 06 9.9e-01 8.5e-07 1.1e-01
! —

u=10"%kPas, «ap=1, )\, =5/18x 10" kPa, p,=5/12 x 107 kPa,
5 =6.89x 1072 kPa~!, K=10"8x1m?2, ops=1.
ff=0, q=0, f,=0, =0, ppo=1000, and op0=—apppol
o -np =1000, wur-tr =0 on T¢ gpt,
pp =1001 on T, jen, pp=1000 on T, gn: and up-np =0 on TptopUTlp pottom,

opnp=—apppNp on Ty UTp ighe and us =0 on Tpiop Ul pottom-
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Fluid filled cavity

etaph Magnitude sigph1 Magnitude
08006 04" Dé 09601 850.07 1 1e.01 85007  6e-5 000012 000018 2.4e-04 500402 800 1500 250403
] — — — —_— —

ufh Magnitude sigfh1 Magnitude
0000001 02 03 04 05 06 999.999999588 1000.000010000

4.10.06 000025 500-04 _5.1e-05 7.1e-01
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Extensions

o Navier-Stokes — Biot model
@ Non-symmetric version for general quads

@ Extension to hexahedra

Reference: Sergio Caucao, Tongtong Li, Ivan Yotov, A multipoint
stress-flux mixed finite element method for the Stokes-Biot model,
arxiv.org/abs/2011.01396 [math.NA]
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