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Biofilm Growth in Porous Media

Biofilm Structure
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Image from micro-CT from [PTISEIG]2

[Lewis Lab at Northeastern Universitymontanaxadu]l

1
Image courtesy of the Lewis Lab at Northeastern University. Image created by Anthony D’Onofrio, William H. Fowle, Eric J. Stewart
and Kim Lewis.
2
Peszynska, Trykozko, Iltis, Schlueter, Wildenschild. Biofilm growth in porous media: experiments, computational modeling at the
porescale, and upscaling. Advances in Water Resources, Volume 95, 2016.
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Introduction

Motivation: Applications

CO2 Sequestration
Microbial enhanced oil recovery (MEOR)

Injection well Production well

(sacera,nutients,
ndor bosutactans)

o

[Marchant and Banat, 2012]2

[Mitchell et al, 20091"

1
Andrew C. Mitchell and Adrienne J. Phillips and Randy Hiebert and Robin Gerlach and Lee H. Spangler and Alfred B. Cunningham.
Biofilm enhanced geologic sequestration of supercritical CO2. International Journal of Greenhouse Gas Control, 2009.

2
Marchant, R., and Banat, I. M. (2012). Microbial biosurfactants: challenges and opportunities for future exploitation. Trends
Biotechnol. 30, 558-566. doi: 10.1016/j.tibtech.2012.07.003
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Coupled Flow and Biomass-Nutrient Model

Transport model
OB+ V- (uB) =V - (ds(B)VB) + 0l(_ oo 5+1(B) > rg(B,N); x€Q,1>0,

OGN +V - (uN) — V - (dy(B)VN) = ry(B,N); x€ Q1> 0;
. . N .
B: concentration of the microbe m(N) := nm Monod expression
N
B* >0:  maximum concentration of biomass (B, N):= kgBm(N)
N: concentration of nutrient W (B,N) := —Bm(N)
u: flow velocity obtained by Brinkman flow model

0 B < B* * *
I(—o0,8+|(B) = { too ofherwise, Ol(—oon7] = (=00, B7)x{0JU{B"}x[0,00), A € Ol oo -]

1
Peszynska, Trykozko, Iltis, Schlueter, Wildenschild. Biofilm growth in porous media: experiments, computational modeling at the
porescale, and upscaling. Advances in Water Resources, Volume 95, 2016.[PTISW16]

Shin, Alhammali, Bigler, Vohra, Peszynska. Coupled flow and biomass-nutrient growth at pore-scale with permeable biofilm, adaptive
singularity and multiple species[J]. Mathematical Biosciences and Engineering, 2021, 18(3): 2097-2149. doi: 10.3934/mbe.2021108
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Coupled Flow and Biomass-Nutrient Model

Transport model
OB+ V- (uB) =V - (ds(B)VB) + 0l(_ oo 5+1(B) > rg(B,N); x€Q,1>0,

ON+V - (uN) — V- (dy(B)VN) = ry(B,N); x € Q1> 0;
. . N .
B: concentration of the microbe m(N) := nm Monod expression
N
B* >0:  maximum concentration of biomass (B, N):= kgBm(N)
N: concentration of nutrient W (B,N) := —Bm(N)
u: flow velocity obtained by Brinkman flow model
0 B < B*
oo t® ={ G Biise, Vlt-ooutr) = (00, B ) {OU{E) x[0,09), A € e
Challenges:
@ Volume Constraint @ Simulations @ Solver (SSNM)
@ Low regularity @ Disparate length and time scales @ Analytical solution

1
Peszynska, Trykozko, Iltis, Schlueter, Wildenschild. Biofilm growth in porous media: experiments, computational modeling at the
porescale, and upscaling. Advances in Water Resources, Volume 95, 2016.[PTISW16]

Shin, Alhammali, Bigler, Vohra, Peszynska. Coupled flow and biomass-nutrient growth at pore-scale with permeable biofilm, adaptive
singularity and multiple species[J]. Mathematical Biosciences and Engineering, 2021, 18(3): 2097-2149. doi: 10.3934/mbe.2021108
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MFEM for a Parabolic Variational Inequality (PVI)

Mixed Formulation of Diffusion-Reaction PVI:
B, — V- (d(x)VB) I 81(700,3*}(B) Bf(B)
a(x)U+VB=0in, t >0,
Bi+V -U+0l_sp3+)(B) 2 f(B)inQ, >0,
B(s,t) = g(s,1) on9Q, 1 >0
B(~,0) = By in Q;

a = d_l, d is a smooth function 0 < v < d(x) < v, for x € Q, f is Lipschitz continuous function.
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MFEM for a Parabolic Variational Inequality (PVI)

Mixed Formulation of Diffusion-Reaction PVI:
B, — V- (d(x)VB) I (91(,00,3*}(B) Bf(B)

a(x)U+VB=0in, t >0,
Bi+V -U+0l_op+1(B) 3 f(B)inQ, 1>0,
B(s,t) = g(s,1) on9Q, 1 >0
B(-,0) = By in £;
a = d_l, d is a smooth function 0 < v < d(x) < v, for x € Q, f is Lipschitz continuous function.

Mixed formulation of PVI

® V =H(div,Q):= {ve (L*(0);V-ve L’ ()}
@ K={qel’(Q);q<B aeonQ}.
@ JIx(B) = {h € L*(Q); (h,q — B) <0, ¥q € K}, VB € K.

(ava) - (v : VvB) = —(g,v 'n)aﬂa Vv € v,
(Btaq_B) + (VU,q_B) Z (f(B)aq_B)a Vq € Kv
B(,O) = By,
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MFEM for a Para

Existence & Uniqueness

Lemma (Showalter, 1997)] , (Showalter, 2010)2

For any By € L*(£2), a Lipschitz continuous function f : L>(€2) — L*(2), T > 0, there exists a unique
solution U : [0, T] — H(div,?), B : [0,T] — L*(Q).

4
Proof outline

@ LetV =H(div,Q),M = L*(Q). Define A: V=V, B:VM,C:M—M":

AU = a(-)U, BU= -V -U, CB = JIx(B).
@ A is maximal monotone, bounded and satisfies the growth condition

A(U) + |BU(I§ — 400 if [|U[ly — oo,
@ (C is maximal monotone, / + C is strictly monotone.
@ J3is linear, continuous and has a closed range.
@ kerB' = {0}. )

1
Ralph E Showalter. Monotone operators in Banach space and nonlinear partial differential equations. American Math. Soc., 1997.

2
R.E.Showalter. Nonlinear Degenerate Evolution Equations in Mixed Formulation. SIAM Journal on Mathematical Analysis. Vol. 42,
No. 5,2114-2131, 2010.
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MFEM for a Parabolic Variational Inequality (PVI)

Fully Discrete Mixed Finite Element Approximation of PVI

@ O, =Q,h>0,T, ={T:} be a triangulation of £2;,.
@ Raviart-Thomas spaces: Vi, = RTo, M, = M°(T;), K = M, N K.
@ n=0<n<...<ty =T, T ={t0,...,tn}
O Al =ty — ta1, At = maxp,—, n{AF}.
n n—1
@ ' = tn,n: t,l,a":%
q" = q(t), V' = v(ta), 0q A

@ Using the backward Euler scheme:
FindB, : ¥ — Kj,and U;, : T — V), such thatforn =0,...,Nr — 1,
(U™ vi) = (Vv BT = = (8" vi - m)ag, Vi € Vi,

(aB;lnqh - BZJFI) + (v : U;;Jrlvqh - BZJH) > (f(BZ+1)7qh - BZ+1)3 th € Ky,
[1B4(0) — Bollo < Ch.
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MFEM for a Parabolic

Theoretical Error Estimate for MFEM in Literature

@ (Brezzi, Hager, Raviart, 1978)1 :MFEM for EVE.

@ (Johnson, Thomee, 1981)2 & (Kim, Milner, Park, 1996)3 :semi-discrete MFEM for unconstrained
parabolic PDE.

@ (Alhammali, Peszynska, 2019)4: semi-discrete MFEM for the PVI with RTy:

1
sup [B() = B0 + [ 1U6) = Un(o)lf s < ).
t

@ (Johnson, 1976)°: By ¢ LZ(Q), fully discrete FEM for PVI (no reaction term)

@ (Alhammali, Peszynska, 2019)4: FEM for PVI following
(Johnson, 1976):[["[| joc (,2) = O(h + (logAr~ ") /4 AP/,

@ (Arbogast, Wheeler, Zhang, 1996)°: fully discrete MFEM for unconstrained nonlinear degenerate
parabolic PDE, time integration strategy.

1
Franco Brezzi and William W. Hager and P. A. Raviart. Error estimates for the finite element solution of variational inequalities. part II.
Mixed Methods. Numerische Mathematik. Vol(31), No.1, 1978.

Johnson, Thomee. Error estimates for some mixed finite element methods for parabolic type problems. 1981.

M.-Y. Kim and F.A. Milner and E.-J. Park. Some observations on mixed methods for fully nonlinear parabolic problems in divergence
form. Applied Mathematics Letters. Vol(9), No. 1, 1996.

A. Alhammali, Numerical Analysis of a System of Parabolic Variational Inequalities with Application to Biofilm Growth, Ph.D thesis,
Oregon State University, 2019

C. Johnson. A convergence estimate for an approximation of a parabolic variational inequality. SIAM J. Numer. Anal. 13, no. 4,
599a606, 1976

6
Todd Arbogast and Mary F. Wheeler and Nai-Ying Zhang. A Nonlinear Mixed Finite Element Method for a Degenerate Parabolic
Equation Arising in Flow in Porous Media. SIAM Journal on Numerical Analysis. Vol.33, No.4, 1996.
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MFEM for a Parabolic Variational Inequality (PVI)

Flllly Discrete MFEM for PVI Following Time Integration Strategy

Integrating in time from O to z € (0, T') of:
B +V - U+ 0l(_o p+(B) 3 f(B)inQ, t >0,
a(x)U+VB=0inQ, r >0,
B(s,t) = g(s,t) on 9, t >0
B(-,0) = By in Q;

(B,g—B)+ (V- /U )dT,q — B) /f ))dt,q — B) + (Bo,q — B) Vq € K,

(a(x)U,v) = (V-v,B) =0 Vv eV.

MFEM in space & bdckward Euler in time
(Bh qn — Bj) + Z AP, gy — B}) > (Zf (B)AY, g, — B}) + (Bi.o, a1 — B}) Vau € Ku,
Jj=l1
(eu(x) ;,,Vh) = (Vv By) =0 Vv, €V,
l1Bro — Bollo < Ch.

1
T. Arbogast, M.F. Wheeler, and N-Y. Zhang. A nonlinear mixed finite element method for a degrenerate parabolic equation arising in
flow in porous media. STAM Journal on Numerical Analysis, 33(4): 1669-1687, 1996
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MFEM for a Parabolic Variational Inequality (PVI)

Error Estimate

Theorem [Alhammali, Peszynska, 2022]

n . - . In n - .
STIE - BIRAY + | / U(r) dr = S U AdE < ¢ (B + (80?) 5
=1 0 j=1

B e Wheo(J;L°0()) n W (J; L () N L (J;H (), U € L®(J; (H' (2))%),
V.-UeL>®;H (Q) = / U(7) dr € H' (L2()9) N L2(H(S; div)).
0

Auxiliary properties

Py (L2(Q))4 — Vy is the weighted (L2(€2))¢ projection operator defined as:
(a(x)(th — V)7 Vh) =0Vv, € V.

Interpolation operator py, : (H' (Q))¢ — RTy: /(v — ppv) -m=0Ve C 3T, Vv € (H'(Q))“.
e

The orthogonal Lz-projection onto My: 7, : L — My (g — mnq, pn) = 0, Yy € Mj,.
(V- puv,qn) = (V- V,an) Vg, € My, WV EV,

llpay = vllo < Chlvly if v € (H'(2))",

IV - pnvllo S CIIV - vllg Wy €V,

IV - (v—pu¥)|lo < ChIV - ¥, if V - v € H (),

l7hg — gllo < Chlgly if g € H'.
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MFEM for a Parabolic Variational Inequality (PVI)

Proof Outline.

_ 1
n __
@ Define U" = A

n tn
= Zl_}iAti = / U(7) dr
=1 0

n n . X
@ =0 -0} 5" Zafmf—/ U(r)dr = UAF
0 :
j=1
@ /'=B"—-Bj.

~ In
® (B.B'—B!) < (V-U"B —B") + (/O F(B(r)) dr,B" — B]) + (Bo, B — B)

® —(B),mB"—B}) < (V> U,AL, mB"—B})+( Zf VAP, BE —7,B")+ (By,0, B} — m,B").
j=1

@ Takev, = P6" = pyé”" — pyU" + P,U" in
(ax)(U" =Up),va) = (V- vy, B—Bj) =0, Vv, € Vj.

@ Combine & replace n by j and multiply by A# and take the sum from 1 through 7

Z II5AY + (Oé(X)Pha Pié") < ZTk,

j=1

@ Use auxiliary properties and Gronwall’s Lemma.
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MFEM for a P olic ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.001
—,
04 —ly, E
Upper Bound
s | wer Bound
02r 1

06 L L . ' . ' n L L
0 0.1 02 03 04 05 06 07 08 0.9 1

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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MFEM for a P olic ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.003

—

04 — -
Upper Bound

s | ower Bound

0z 1
o

02f 1
04r 4
08 " n " " . . . . .

0 0.1 02 03 04 05 06 07 08 09 1

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.006
— D
04 — E
Upper Bound
s, | wer Bound
0.2 1
0 .
0z2r 1
D4r 4
06 . " . . " " . " n

] 01 02 03 04 05 06 07 08 09 1

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.01

— D,

04l el

Upper Bound
s | wer Bound

02 1

\

06 L L . ' . ' n L L
0 0.1 02 03 04 05 06 07 08 0.9 1

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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—
04 — -
Upper Bound
s | ower Bound
0z 1
o -F"'--—_
02f 1
04r 1
08 " n " " . . . . .

0 0.1 02 03 04 05 06 07 08 09
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ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.03
— D
04 — E
Upper Bound
s, | wer Bound
0.2 1

06 L L " L N ' L ' L
1] 01 02 03 04 05 06 07 08 09

-
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ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.05
—,
04 —ly, E
Upper Bound
s | wer Bound
02r 1

0”-_/—/1;\_{

06 L L . ' . ' n L L
0 0.1 02 03 04 05 06 07 08 0.9

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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ional Inequality (PVI)

1D Example: p, - v - (d(x)Vp)+0I(—0.04,0.06)(P)> f(p), in

h=0.02, t=0.1
—
04 — -
Upper Bound
s | ower Bound
0z 1

) i e e I

06 ' L . ' L L L L L
0 0.1 02 03 04 05 06 07 08 09 1

d(x) = Lf(p) = 2 sin(mx)p + 3H(x — 0.5) — 3H(0.5 — x), pg = 0.04sin(mx)
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MFEM for a Parabolic Variational Inequality (PVI)

1D Example: p, — V- (d(x)Vp)+01(—0.04.0.06 ()3 £ (p), in Q

h dt Err, Err, Order-p | Order-u
0.02 | 0.000128 | 0.00016058 | 3.4676e-05 - -
0.01 6.4e-05 | 8.4848e-05 | 1.1614e-05 | 0.92034 | 1.578

0.005 3.2e-05 | 3.2331e-05 | 3.0355e-06 | 1.392 1.9359
0.0025 | 3.2e-05 | 5.3221e-06 | 5.7526e-07 | 2.6029 | 2.3997

e max, ]
2
=@ sum_(sartfje]]%,dt )
h

— S H

— 2

0.004 0.008 0.008 0.01 0.0120.014.016.016.02

Errp, = max
{No.03-No.0s

e = il Errr = >l —wliA
{No.03:No.05

(Pfine Wine) atdt = 107>, 1 = 0.001.
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MFEM for a Parabolic Variational Inequality (PVI)

1D Example: p, — V- (d(x)Vp)+0I(_ 0 0/(p)> f(p), in Q

d(x) = 0.5, f(x,t,p) = 3H(x — 0.5) — 3H(0.5 — x), po = sin(mx)

h=0.01, t=0.5

g —&—ERR2
h

05 e
—2

h dt ERR, ERR, Order ERR, | Order ERR,
0.02 0.01 0.005992 0.0016802 - -
0.01 0.005 0.0028775 | 0.00058142 1.0582 1.531
0.005 0.0025 0.0012866 | 0.00018382 1.1613 1.6613
0.0025 | 0.00125 | 0.00048411 | 4.8911e-05 1.4102 1.9101

(Pfine  Ugine) atdi = 5 x 107*, b = 0.00L,n € {No.2,No.5}.
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MFEM for a Parabolic Variational Inequality (PVI)

Fully Discrete MFEM for Advection- Diffusion-Reaction
PVI: B4V - (uB) — V - (d(x)VB)+0I(_ 5-(B) > f(B)
Take: U = uB — d(x)VB
=
(B.q=8)+ (V- [ Urirg=B)= ([ 1B)ara -5+ (Boq - B) Vg €
0

(a(x)U,v) = (a(x)uB,v) + (V-v,B) =0 W e V.

=
(Bl an — By) + (V- Y ULAF gy — B) > (O F(B))AY, gy — B}) + (Buo,an — B}) Yan € K,
j=1 j=1

(U, v;) — (cuBj,v) — (V- vy, By) =0 Vv, € Vy,
1Br,0 — Bollo < Ch.

Theorem [Alhammali, Peszynska, 2022]

Z 1B — Bl 2AF + ||/ U(r) dr — ZU’AHHO <c (i +(a);

Jj=1 Jj=1
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MFEM for a Parabolic Variational Inequality (PVI)

Fully Discrete MFEM for the Constrained Coupled System:
O(h+ At)

(Bvq_B)+(v'/0tUB(T)dTvq_B) > (/OtrB(B(T)vN(T))dT,q—B)Jr(Bo,q—B) Vq € K,

(ap(x)Up,v) — (ap(x)uB,v) + (V-v,B) =0 Vv eV,

(N, ) + (V- / Un(r)dr, ) = ( /O'rN(B(T),Nu))dr,wH(No,zm v € 12(Q),

(an(x)Uy,w) — (ay(x)uN,w) + (V -w,N) =0 Vv e V.

=
n
B}, qn — B}) A, g, — B!) > B N)AY, g, — B!) + (B —B) Vg, €K
(B, an Uy WA gy — By) > (Y rs(B),, N, )AY g, — B}) + (Bao, an — B},) Vau € Ky,
=1
(aUB h:vh) — (apuBj,vy) — (V- vy, By) = 0 Vv, € V),

(N> ¥n) + (V- ZU/ A7, gy) = (ZrN AL, ) + (Nio,v¥n) Vibu € My,

Jj=1 Jj=1
(anUy s vi) — (cwuBj, wi) — (V- wy, N) = 0 VYw, € V.
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Flow & B-N model

Heterogeneous Brinkman Flow Model

—pAu+ pk, (u+Vp=f, V-u=0, x € Qy;
ki (x) = kpx 0, (%);

u : flow velocity, p : pressure €2,,;: fluid domain (no rock), £2;: biofilm domain

ky=0 ky = 1073 [mm?] ky = 10~*[mm?] Iu(L/Z »l
= —
| - | \ =k, =0

0.01 [mm]
s

L=

|« .| [Choah Shin]', Flow
significantly depends L

T and kp;
5 Q = (0,L), ky : bio-
s I gel permeability

@® W, = O ur, = up.

L=1[mm]

h)
Il o uNur = prir,, =0
05 T -
u I“ R
@ i)

1
Shin, Alhammali, Bigler, Vohra, Peszynska. Coupled flow and biomass-nutrient growth at pore-scale with permeable biofilm, adaptive
singularity and multiple species[J]. Mathematical Biosciences and Engineering, 2021, 18(3): 2097-2149. doi: 10.3934/mbe.2021108
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Flow & B-N model

Coupled Flow and Constrained Biofilm-Nutrient model

—pAu+ pk, (u+Vp = f, V-u=0, x€Q,,
OB+ V - (uB) =V - (dgVB) + 0l(_so 5+ (B) > 18(B,N); x € Qy,t >0,
ON+V - (uN)—V-(dvVN) = rv(B,N); x € Qu,t>0;

In every time step: flow — advection — reaction—diffusion. J

[Choah Shm]l Velﬂclly profile |u(x, rj|
Initial biomass domain ' 3 )
o = = = = Iu i iu

5, Toue Evolution of biofilm B(x, )
— ' !

s 05

'-‘L

=
Q = 65 x 130[um?], ky = 107> [mm?],
dp = dg(B), dy = dy(B) dgVB.v|gq =0
= dyVN-vlga\r;, NI, =ng,:
ulp,, =0, ulrm = up.
uNVuv —pv|p,,, =0
Coded using CCFD since RT[O] ~ CCFD + O(hz) [Weiser, Wheeler, 1988]2

t = 1.44[s] t = 2.88[s] t = 4.32[s]

1
Shin, Alhammali, Bigler, Vohra, Peszynska. Coupled flow and biomass-nutrient growth at pore-scale with permeable biofilm, adaptive
singularity and multiple species[J]. Mathematical Biosciences and Engineering, 2021, 18(3): 2097-2149. doi: 10.3934/mbe.2021108

2
Alan Weiser and Mary Fanett Wheeler. On Convergence of Block-Centered Finite Differences for Elliptic Problems. SIAM Journal on
Numerical Analysis. Vol. 25, No. 2, 1988.
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Flow & B-N model

Example: Differences in Biofilm Growth Patterns [Choah Shin]l

t= 1k, =10"

N(x,£)

[u(x, )]

1
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Flow & B-N model

Summary & Current Work

Summary:

@ Drive an error estimate for fully discrete MFEM for the constrained coupled B-N model
with advection term.

@ Illustrate the effect of L and k, on Brinkman flow and on the growth of biofilm.

Current & Future work:

Consider dg = dg(B), dy = dn(B) in the analysis.

Azhar Alhammali (IAU) Numerical Analysis of a Biofilm Moldel



	Introduction
	Galerkin FEM for Constrained Coupled Systems
	Galerkin FEM for Constrained Coupled Systems
	MFEM for a Parabolic Variational Inequality (PVI)
	Flow & B-N model

