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Motivation
Pore/Micro Scale

⋆ Size of nm-mm.
⋆ Detailed mathematical models.
⋆ Simulations are complicated/impossible?

Darcy/Macro Scale

⋆ Size of cm-km.
⋆ Detail mathematical models are complicated.
⋆ Simulations are possible.
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Motivation
Pore-scale models:
⋆ Flow of two immiscible and incompressible fluids.
⋆ Interface separating two fluids: free boundary problem.
⋆ Soluble surfactant present in one fluid phase.
⋆ Concentration-dependent surface tension.

Fluid 1

Surfactant
Fluid 2

Grain

✓ Main interest: Averaged behaviour of the system at the Darcy scale.
✓ Goal: Numerical strategies for the Darcy-scale models incorporating

pore-scale information.
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Upscaling: simple to complex media
Thin strip:

⋆ Simple geometry.
⋆ Fluid-fluid interface: Free boundary.
⋆ Darcy scale:1D, simple model.

Periodic porous medium:

⋆ Complex domain.
⋆ Fluid-fluid interface: Phase field.
⋆ Darcy scale: 2D or 3D, more general model.

Diffuse

interface

Fluid 1

Fluid 2
Surfactant

Fluid 2

Fluid 1

Grain
Surfactant interface

Sharp

- S. Sharmin, C. Bringedal, I.S. Pop, On upscaling pore-scale models for two-phase flow with evolving interfaces, Adv.

Water Resour., 2021.

- S. Sharmin, M. Bastidas, C. Bringedal, I.S. Pop, Upscaling a Navier-Stokes-Cahn-Hilliard model for two-phase

porous-media flow with solute-dependent surface tension effects, Appl. Anal., 2022.
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The pore-scale model (periodic porous medium)
Evolving fluid-fluid interfaces (diffuse-interface formulation):

· ΩT := Ω × (0,T] → fixed domain.
· ϕ : ΩT → R → phase indicator ≈ 1 for fluid1 and ≈ −1 for fluid2.
· γ(c) → concentration-dependent surface tension.
· I(ϕ) = 1

2 (1 + ϕ) → Approximate the characteristic function.
Transition 

zone

-1

1

-1

1
Fluid 2

Fluid 1Fluid 1

Fluid 2

∂tϕ+ ∇ · (vϕ) = m λ ∆ψ in ΩT,

ψ = −∇ · (Cλγ(c)∇ϕ) + γ(c)
(

CP ′(ϕ)
λ

+ I ′(ϕ)
β

)
in ΩT.
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The pore-scale model
Flow and transport equations:

· ρ(ϕ) = ρ(1)·(1+ϕ)
2 + ρ(2)·(1−ϕ)

2 → density of the mixture.
· v → velocity of the mixture (volume averaged).

G

P

∂t(I(ϕ)c) + ∇ · (I(ϕ)vc) = ∇ · (D I(ϕ)∇c) in ΩT,

∇ · v = 0 in ΩT,

∂t (ρ(ϕ)v) + ∇ · (ρ(ϕ)v ⊗ v) − ∇ ·
(
−pI + 2µ(ϕ)E(v) + v ⊗ ρ′(ϕ)λ m ∇ψ

)
=

(C
λ
γ(c)P ′(ϕ) − ∇ · (Cλγ(c)∇ϕ)

)
∇ϕ+

(Cλ
2 |∇ϕ|2 + C

λ
P (ϕ)

)
∇γ(c) in ΩT.
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The upscaling

⋆ Ω → porous media (Darcy scale).
⋆ Y = (P ∪G ∪ Γg) → Pore scale.

x2

x1

Ω
x

P

y2

y1

G

Γg

fluid 1fluid 2

⋆ Rapidly changing characteristics (at the pore scale).
⋆ Two-scale model: separation between Darcy-scale variable x and

pore-scale variable y = x
ϵ .
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The Darcy scale

G

P

v̄ = −K ∇p− M γ(c), in ΩT,

∇ · v̄ = 0, in ΩT,

Φ∂tS + 1
2∇ · v̄ϕ = 0, in ΩT,

v̄ϕ = −Kϕ ∇p− Mϕ γ(c), in ΩT,

Φ∂t(Sc) + 1
2∇ · (c (v̄ + v̄ϕ)) = 1

Pec
∇ · (B ∇c+ H c), in ΩT.
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The pore scale
For every x ∈ Ω and t > 0:

∇y · (vϕ) = Aϕλ∆yψ, in P,

ψ = Aψγ(c)
(

CP ′(ϕ)
λ

+ I ′(ϕ)
β

− Cλ∆yϕ

)
, in P,

ϕ and ψ are Y -periodic, no-flux on Γg, and 1
Φ

∫
P

ϕ dy = 2S − 1.

Pore scale velocity

v0 = v(t,x,y) = −
d∑

j=1
wj(t,x,y) ∂xjp0(t,x) − w0(t,x,y) γ(c0(t,x)).

G

P

9/18
Manuela Bastidas (manuela.bastidas-olivares@inria.fr)
The numerical solution of a two-scale two-phase flow model.



The effective parameters
(i, j ∈ {1, 2})

Ki,j :=
∫
P

wi,j dy Mi :=
∫
P

w0,i dy

Kϕi,j :=
∫
P

wi,jϕ dy Mϕi :=
∫
P

w0,iϕ dy

Bi,j :=
∫
P
I(ϕ)

(
δij + ∂yiχj

)
dy Hi :=

∫
P
I(ϕ)∂yiχ0 dy

Cell problems: For every x ∈ Ω and t > 0

Eu∇yΠ0 = −
1

Re
∇y · (2µ(ϕ)Ey(w0)) +

1
Re Ca

(C
λ

P ′(ϕ) − Cλ∆yϕ

)
∇yϕ, in P,

∇y · w0 = 0, in P,

w0 = 0, on Γg ,

Π0, w0 are Y -periodic and
∫

P

Π0 dy = 0.
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The two-scale discretization

P

Mixed finite element method (MFEM) at both scales and
Euler explicit in time.
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The explicit two-scale scheme
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A numerical example

⋆ Surface tension: γ(c) = −(100c+ 1).
⋆ Test case 1: Constant surface tension cin = 0.
⋆ Test case 2: Variable surface tension cin = 1.
⋆ Pressure pin = 2 and pout = 0.
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Changes in concentration
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The changes in the concentration in space and the evolution of the
concentration at one macro-scale point (test 2).
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Changes in Saturation
Decrease in saturation due to effective parameters which depend on the
phase field.
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The micro-scale phase field

The evolution of the pore-scale phase field in the test case 1 (left) and the
difference of the phase field between the two test cases (right).
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Conclusions and future work
✓ Periodic homogenization for a two-phase flow model with evolving

interfaces.

✓ Rational derivation of the upscaled model from a pore-scale model.

✓ Darcy type laws involving effective parameters.

✓ Two-scale numerical solution for two-phase flow.
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Conclusions and future work
✓ Periodic homogenization for a two-phase flow model with evolving

interfaces.

✓ Rational derivation of the upscaled model from a pore-scale model.

✓ Darcy type laws involving effective parameters.

✓ Two-scale numerical solution for two-phase flow.

⋆ Different flow regimes.
⋆ More robust numerical solutions (iterations and adaptive

computations).
Bastidas Olivares, M. et al. Appl. Math. Comput (2021).
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Thank you for your attention!
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